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Abstract 

We propose a geometric method to measure the wild ramification of a smooth 
etale sheaf along the boundary. Using the method, we study the graded quotients 
of the logarithmic ramification groups of a local field of characteristic p > with 
arbitrary residue field. We also define the characteristic cycle of an ^-adic sheaf, 
satisfying certain conditions, as a cycle on the logarithmic cotangent bundle and 
prove that the intersection with the 0-section computes the characteristic class, 
and hence the Euler number. 

Let X be a separated scheme of finite type over a perfect field k of characteristic 
p > 0. We consider a smooth £-adic etale sheaf T on a smooth dense open subscheme 
U C X for a prime I ^ p. The ramification of T along the boundary X \ U has 
been studied traditionally by using a finite etale covering of U trivializing JF modulo 
i. In this paper, we propose a new geometric method, inspired by the definition of the 
ramification groups pQ, [2] and [I]. 

The basic geometric construction used in this paper is the blowing-up at the ramifi- 
cation divisor embedded diagonally in the self log product. A precise definition will be 
given at the beginning of §2.3. We will consider two types of blow-up. The preliminary 
one, called the log blow-up, is the blow-up (X x X)' — > X x X at every Di x Di where Di 
denotes an irreducible component of a divisor D = X \U with simple normal crossings 
in a smooth scheme X over k. The second one is the blow-up (X x Xp R ' — > (X x X)' 
at R = Yli r i-Di, with some rational multiplicities fj > 0, embedded in the log diag- 
onal X — ► (X x X)'. This construction globalizes that used in the definition of the 
ramification groups in p] and [2] recalled in §1. 

Inspired by [TO], we consider the ramification along the boundary of the smooth 
sheaf H = Jiom{^x\J- ', pr^jF) on the dense open subscheme U x U C (X x Xp R \ We 
introduce a measure of wild ramification by using the extension property of the identity 
regarded as a section of the restriction on the diagonal of the sheaf 7i, in Definition 

GELD 

Let : U x U — > (X x Xp R ' denote the open immersion. A key property of 
the sheaf 7i established in Propositions 12.3.71 and l2~3~8l is that the restriction of ji^H 
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on the complement (X x Xp R ' \U x U admits a description by the Artin-Schreier 
sheaves defined by certain linear forms. This fact is derived from a groupoid structure 
of (X x X)( RS) inherited from the natural one on X x X. We prove in Theorem 
11.3.31 that this property at the generic point of an irreducible component implies the 
following properties of the ramification groups conjectured in [I] Conjecture 9.4: The 
graded pieces of the ramification groups are killed by p and their character groups are 
described by differential forms. 

The definition of the measure of the wild ramification in this paper is closely related 
to that of the characteristic class in [3] . In Definition 13.2.21 we propose a definition of 
the characteristic cycle of an £-adic sheaf as a cycle of the logarithmic cotangent bundle, 
under the conditions (R) and (C) stated in §3.2. Roughly speaking, the conditions mean 
that the ramification is controlled at the generic points of the irreducible components 
of the ramification divisor. Consequently, the characteristic cycle in this case does 
not have components supported on subvarieties of codimension at least two. We show 
that its intersection product with the 0-section computes the characteristic class, in 
Theorem 13.2.31 This is a generalization of Kato's formula in the rank one case jllj . 

One expects that the same construction works for D-modules with irregular singu- 
larities. It should give another evidence for the analogy between the wild ramification 
of £-adic sheaves and irregular singularities of ©-modules. 

The author would like to express his sincere gratitude to Ahmed Abbes for stim- 
ulating discussions. He is pleased to acknowledge that a large part of this paper is 
based on a colaboration with him. The author also thanks to him for the information 
on the reference [15] on Epp's theorem [7J. The author thanks an anonymous referee 
for pointing a mistake in the definition 12.1.11 in an earlier version. 

This research is partly supported by JSPS Grant-in- Aid for Scientific Research (B) 
14340002 and 18340002. 
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Notation 



k denotes a perfect field of characteristic p > 0. A scheme over k is assumed to be 
separated of finite type over k. For a locally free (9x-module £ of finite rank on a scheme 
X, E = V(£) denotes the contravariant vector bundle defined by the quasi-coherent 
Ox-algebra S'£. Similarly, P(£) denotes the projective space bundle Vroj S'£. The 
dual of £ is denoted by £ v . For a closed subscheme X C Y defined by the ideal 
T x C Oy, the conormal sheaf T X /1 X is denoted by Mx/y- 

I denotes a prime number invertible in k and A denotes a finite local Z^-algebra. 

1 Ramification groups 

The theory of logarithmic ramification groups of a local field with imperfect residue field 
as developed in pQ and [2] relies on rigid geometry and on log geometry in an essential 
way. In §§1.1-1.3, we give some interpretations purely in terms of schemes, without 
using rigid geometry or log geometry. In §1.3, we state the main result Theorem 11.3.31 
on the structure of the graded quotients. We prove it in §1.4 by computing the nearby 
cycles. 

In this section, K denotes a discrete valuation field, Ok denotes the valuation ring, 
and mx denotes the maximal ideal. The residue field Ok/^k is denoted by F and 
vk '■ K — > ZU {oo} denotes the discrete valuation normalized by Vk(tt) = 1 for a prime 
element it. We put S = Spec Ok- 

1.1 Basic constructions 

Let A be a finite flat 0#-algebra. We put T = Spec A. We consider a closed immersion 
T — > P to a smooth scheme P over S. Let X T = Ker(0p — > Ot) be the ideal sheaf 
defining the closed subscheme T in P. 

For a pair (m,n) of integers m > and n > 0, let Q = P^p 1 ^^ — > P be the 
blow-up at the ideal 1% + xri^Op and P^" 1 ^ c pj" 1 ^ be the complement of the 
support of (T£0q + m%0 Q )/m%0 Q . The morphism p}™ /n) -> P is affine and P}, m/n) 
is defined by the quasi-coherent sub Cp-algebra Op[m^- m Ty] C K ® Cp. The maps 
pi™/™) _^ p^ 71 /"] _^ p induce isomorphisms P T "^ n ' ) — > Pj! 7 ^™' — > P^ on the generic 

fibers. For m = 0, we have P T °^ n ' ) = P^™' = P. The immersion T — > P is uniquely 
lifted to an immersion T — > p( m / ra ). 

Let d > 0, m' > 0, n' > be integers such that m' < dm and n' = dn. Then 
the inclusion (m K m 2^) d D m K m 1%' induces a canonical map 

p (m/n) _^ p (m'/n') ^ 

is an isomorphism on the generic fibers. If (m',n') = (dm,dn), the canonical map 

pWn) p(m'/W) ig finite _ 

For a rational number r = m/n > 0, let PjT^ be the normalization of P T " 1//n ' ) . For 
r > 0, let Py be the formal completion of P^ along the closed fiber P?\- For r' < r, 
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the canonical maps — > P F ^ of schemes and P F ^ — > P^f "* of affine formal schemes 
are induced. 

We compare the construction above to those in [1] and [2]. 

Example 1.1.1 Assume K is complete. 

1. Let Z = (zi, . . . , z n ) be a system of generators of a finite flat Ox-algebra A and 
consider the closed immersion T = Spec A — > P = Spec Ok[Xi, . . . , X n ] defined by Z . 

Then, the affinoid variety X% in FT]/ 3.1 is defined by the formal Ok -scheme P^ for 
a = r. 

2. Let T — > P be a closed immersion of a finite flat Ok -scheme T to a smooth 
scheme P and let Spf A be the formal completion P\t of P along the closed subscheme 
T . Then the affinoid variety X J (A — > A) in JE/ Definition 1.5 is defined by the formal 

OK-scheme PjT for j = r. 

Lemma 1.1.2 Let T be a finite flat scheme over S and T —>■ P and T — > Q be closed 
immersions to smooth schemes over S . Let P — > Q be a smooth morphism over S such 
that the diagram 



T 




Q 

is commutative. Then, for a positive integer r > 0, the map P — > Q induces a smooth 
map P F ^ — > Qj) and an isomorphism 

Pt, ] f > Qt,f x t f V(tV ® Qk &p /Q ®o P Tp ). 

Proof. We show the map PjT' — > Qj) is smooth. Let t G T be a closed point and 
d be the relative dimension of P — > Q at the image of t. Since T — > P defines a 
section of the smooth morphism P Xq T — > T, there exist an neighborhood V C P 
of the image of t and an etale morphism V — > Aq = Q[X\, . . . , Xj\ inducing an open 

immersion T C\V — > T C T Xq Aq to the 0-section. Then, PjP XpV is isomorphic to 

V x A d Q^[Xi/ir r , . . . ,Xd/ir r } and is smooth over Qj) . 

Since the map Q FF — > Qt,f factors through the closed immersion T F — > Qt,f, 

the isomorphism P^ XpV—> V x A d Q^[Xi/tc v , . . . ,Xd/iT r ] above induces an open 

immersion P^ F x P V — > Q F ^ F [Xi/ix r \ . . . , X d jix T \. Since Q^ jF [X 1 /7r r , . . . , X d /n r ] is 

canonically identified with Q F ^ F x Tp V(m^- r ®o K ^p/q ®o p Ot f ), the assertion follows. 
■ 

Let T denote the normalization of T. For positive integers m, n > and for 
r = m/n, the immersion T — > P induces an immersion T — > Pl T m ^ n ^ and hence a finite 

maps T — > P^ and T — > p!f\ 
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Lemma 1.1.3 Let T = Spec A be a finite flat scheme over S and T — > P be a closed 
immersion to a smooth scheme over S. Assume that Tk is isomorphic to the disjoint 
union of finitely many copies of Spec K. Then there exists an integer r > such that 
the map is a closed immersion. 

Proof. By the assumption on Tk, the semi- local ring A is the product of finitely many 
local rings. Hence, we may assume P = Spec R is affine and hence P^ = Spec is 
also affine. Further by the assumption on Tk, the normalization of A is generated by the 
idempotents in A® 0k K. Hence, it is sufficient to show that, for every idempotent e G 
A ®o K there exists an integer r > such that e is in the image of BS r ' — > A (&o K K. 
Take a non-zero element a G such that ae G A. We show that r = 2t>x(a) satisfies 
the condition. 

Take a lifting / G R of ae G A. Then g = f 2 — af is in the kernel / = Ker(P — > A). 
Since g/a 2 is in R^ r ^\ the solution //a G PJ'"/ 1 ) ®o K K of the equation X 2 —X = g/a 2 
lies in pM. U 

We study the relation of the basic construction with a base change of discrete 
valuation rings. Let T — > P be a closed immersion of a finite scheme to a smooth 
scheme over S = Spec as above. Let S' = Spec Ok> -» 5 be a surjection of 
spectra of discrete valuation rings of ramification index e. Then, the base change 
T' = T x s S 1 —>■ P' = P x 5 S' is a closed immersion of a finite flat scheme to a smooth 
scheme over 5". For integers m, n > 0, the induced map p'^ m l r ^ _> pj, m//n ' x$ S' is an 
isomorphism. Hence, for r = m/n, the scheme P^, eT ^ is the normalization of PjT x g S" 

and the formal scheme P'^f^ is the normalization of PjT x S". 

We prepare some facts on the properties (S^) and (R^) of locally noetherian schemes 
[8] Chap. IV §§5.7, 5,8. 

Lemma 1.1.4 Let f : X — > 5 fre a scheme of finite type over a regular noetherian 
scheme S. For a point s G S, we put c(s) = dimC^. Let k > be an integer. 

1. The following conditions are equivalent. 

(1) For every point s G S , the fiber X s satisfies the condition (S&_ c ( s )). 

(2) X satisfies the condition (Sfc). 

2. The condition (1) implies the condition (2). 

(1) For every point s G S , the fiber X s satisfies the condition (Rjt_ c ( s )). 

(2) X satisfies the condition (Rfc). 

Proof. 1. Let x G X be a point and put s = f(x) E S. Let ti, . . . , t c G m s be a regular 
system of parameters where c = c(s). Since / : X — > S is flat, f*ti, . . . , /*£ c G xn x is a 
regular sequence of Ox,x an d C'x^z = @x,xl (f*ti, ■ • ■ > /%)• Hence, we have equalities 
dimCx s ,x = dim0x,:r — c(s) ([8J Chap. Proposition (16.3.4)) and prof Cx s ,x = 
prof — c(s) (loc. cit. Proposition (16.4.6) (ii)) and the assertion follows.. 

2. Further, is regular if Ox s , x is regular (loc. cit. Proposition (17.3.3 (ii))). ■ 
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Corollary 1.1.5 Let S = Spec Ok be the spectrum of a discrete valuation ring and 
f : X —>■ S be a normal scheme of finite type with smooth generic fiber. 

1. There exists a surjection of spectra S' = Spec Ok 1 —* S of discrete valuation 
rings such that K' is a finite extension of K and that the normalization X' of X x s S' 
has geometrically reduced fibers over S' . 

2. Assume X — > S has geometrically reduced fibers. Then, for any surjection 
S' — > S of spectra of discrete valuation rings, the base change X x$ S' is normal. 

Proof. 1. We apply a variant, l'appendice Theoreme 2 [15], of Epp's theorem [7] 
corrected in [T3] to the generic points of the irreducible components of the closed fiber 
of X — > S. Then, we fine a surjection 5" = Spec Ok< — * S of spectra of discrete 
valuation rings and an open subscheme U of the normalization X' of the base change 
X Xs S' such that K' is a finite extension of K and that U is smooth over 5" and 
contains the generic point of every irreducible component of the closed fiber. 

We show that X' has geometrically reduced fibers. Since the generic fiber is smooth, 
it suffices to show that the geometric closed fiber is reduced. Since X' is normal, it 
satisfies the condition (S 2 ). By Lemma 11 .1.41 1. the closed fiber satisfies (Si) and hence 
the geometric closed fiber also satisfies (Si). Since the geometric closed fiber has a 
dense open subscheme smooth over the base field, it also satisfies the condition (Ro). 
Hence the geometric closed fiber is reduced. 

2. Since the closed fiber of X s > is reduced, it satisfies the conditions (R ) and (Si). 
Since the generic fiber is regular, X s > satisfies the conditions (Ri) and (S 2 ) by Lemma 

EH ■ 

Let X be a normal scheme of finite type over S = Spec Ok- Assume that the 
generic fiber of X is smooth and that the closed geometric fiber is reduced. Then, the 
formal completion X along the closed fiber is the stable integral model of the affinoid 
variety defined by X itself. Thus, Corollary 11.1.51 1 implies the finiteness theorem of 
Grauert-Remmert for algebraizable formal schemes. 

Applying Corollary 11.1.51 to P^ — > S, we obtain the following. 

Corollary 1.1.6 Let T — > P be a closed immersion of a finite scheme to a smooth 
scheme over S = Spec Ok and r > be a rational number. 

1. There exists a surjection of spectra S' = Spec Ok 1 S of discrete valuation 
rings of ramification index e such that K' is a finite extension of K and that P'^f 1 ^ — > S' 
has geometrically reduced fibers. 

2. Assume P^T — > S has geometrically reduced fibers. Then, for any surjection 
S' — > S of spectra of discrete valuation rings of ramification index e, the canonical map 

p}r ] ->ppx s s' is an isomorphism. 

Definition 1.1.7 Let T be a finite flat scheme over S and T — > P be a closed immer- 
sion to a smooth scheme over S . Let r > be a rational number and S' — > S be a 
surjection of spectra of discrete valuation rings of ramification index e. 
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We say P'^f — > S' is a stable model of PjT if its geometric fibers are reduced. If 
p!p — > S' is a stable model, we call P!f, Xs> Spec F the stable closed fiber and write 
it by P^ T . 

By Corollary 11.1.61 1. there exists an S' such that Pip — > S' is a stable model. By 
Corollary 11.1.61 2. the stable closed fiber P T p is independent of the choice of such S'. 

The finite map P^T^ — > x 5 S' induces a finite map P^ \? — ► P^-L- 

— (?) 

Similarly as in the definition of the stable closed fiber P TF -, if is etale over K, for 
S' = Spec Ok 1 — ► S such that T x 5 Spec K' is the disjoint union of finitely many copies 
of Spec K', the geometric fiber T x$ S' Xg> F of the normalization is independent of 
the choice of S'. We write it by T-p. 

Definition 1.1.8 Let T be a finite flat scheme over S such that Tx is Stale over K . 

1. Let r > be a rational number. Let T — ► P be a closed immersion to a smooth 
scheme over S and S' = Spec Ok 1 S be a surjection of spectra of discrete valuation 
rings of ramification index e satisfying the following conditions: The etale covering 
Tk — > Spec K splits over K' and hence the normalization Tgi ofTxgS' is isomorphic 
to the disjoint union of finitely many copies of S' . The product er is an integer and 
the geometric fibers of P^l — > S' are reduced. 

We say the ramification ofT over S is bounded by r if, the map Ts> — > Ptsi induces 
an injection 

T-p — > 7To(P T p) 

of finite sets. 

2. Let r > be a rational number. We say the ramification of T over S is bounded 
by r+ if the ramification ofT is bounded by every rational number s > r. 

By Lemma [1.1.21 the map T-p —>■ 7r (P^) is independent of P. Let T be a finite 
flat scheme over S and 5" —>■ S be a surjection of spectra of discrete valuation rings of 
ramification e. Then, it is clear from the definition that the ramification of T over S 
is bounded by r if and only if the ramification of T x s S f over S' is bounded by er. 

We will see later that Definition 1 1.1. 8 1 is equivalent to the definition in [1] Definition 
6.3 for finite flat O^-algebra locally of complete intersection. 

Lemma 1.1.9 For a finite flat scheme T over S, the following conditions are equiva- 
lent. 

(1) T is locally of complete intersection. 

(2) There exists a cartesian diagram 

T ► Q 

(1.1) 

S ► P 
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of schemes over S satisfying the following condition: 

(CI) The vertical arrows are quasi-finite flat and the horizontal arrows are closed 
immersions. The schemes P and Q are smooth over S . 

Proof. (1) =>- (2) Take a surjection Ok[Xi, . . . , X d ] — > A. Then the closed immer- 
sion T — > Q = Ag is regular of codimension d. By Nakayama's lemma, there exists 
elements / 1( . . . , f d G I = Ker(0 K [Xi, . . . , X d ] — > A) such that . . . , f d ) = I on a 
neighborhood of T. We define a map Q — > P = A| by /x, . . . , fd- Then, shrinking Q if 
necessary, the diagram (11.11) is cartesian and the map Q — > P is quasi-finite and flat. 

(2) =>- (1) Since the immersion S — > P is regular, the immersion T — > Q is also 
regular and T is locally of complete intersection over S. ■ 

We compute the scheme PjT explicitly in the case where T = 5 1 — > P is a section of 
a smooth scheme P — > S 1 of relative dimension d. The conormal sheaf Ns/p = %s/3-s 
is canonically identified with the free C^-module Qp/ S ®o P Os of rank d. 

Lemma 1.1.10 Let S —>■ P be a section of a smooth scheme P —>■ S and r > be a 
rational number. Let j : Pk = P x 5 K — > P be the open immersion and Ts C Op be 
the ideal sheaf of S regarded as a subscheme of P by the section s : S —* P. 
1. The affine P-scheme Pi is defined by the quasi- coherent Op-algebra 



(1.2) ^m/'.lKA 

l>0 

where [Ir] denotes the integral part. 

Assume r is an integer. Tht 
fiber Pjfp is identified with the F -vector space Qp/ S ®e> P F ®f m ~K / m ~K +1 



2. Assume r is an integer. Then Pg = P<f is smooth over Ok and the closed 



Proof. 1. Let n > 1 be an integer such that m = nr is an integer. Then, Pg is defined 
by the normalization A of the quasi-coherent Op-algebra Op[m K mr -T§\ C j*Op K - Since 

J2i>o m K is integral over Op[m K mr we have an inclusion J2i>o m fc -T l s <Z A. 

We show the inclusion is an equality. Since the question is etale local on P, we may 
assume P = V(M) = Spec S'(M) for a free C^-module of finite rank and S — > P is the 
0-section of the vector bundle P over S*. Then, we have P^ = Spec ® z>0 m^'S^M). 

2. We show P^ = P<f is smooth over (9^. Since the question is etale local 
on P, we may assume P = V(M) = Spec S'(M) as above. Then, Pg = P5 = 
Spec 5"(m^- r M) is smooth over C^. 

We show that the closed immersion Pjf F = Pg F — > Spec S*(m K r ®o k Ns/p®o k F') 
is an isomorphism. We conclude by reducing to the case P = V(M) = Spec S'(M) as 
above. ■ 

Let v : K — > Q U {00} be the extension of the normalized discrete valuation v : 
K — > 7L U {00} to a separable closure. For a rational number r, we put = {a G 
fT|u(a) > r} and = {a G if|t> (a) > r}. 
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Corollary 1.1.11 Let m, n > be positive integers such that r = m/n and (m, n) — 1. 

Then for the reduced closed fiber {P^p)rcd, we have a commutative diagram 



;(»•)_ 

S,F 



;i.3) 



Spec S'(n l P/s ®o P F ® F m^ r) /m^ r)+ ) 



.(r)\ 
S, F J red 



Spec S nl tt P/s ® 0p F® F m K ml /m K n 



-ml+l 



l>0 



The horizontal arrows are isomorphisms induced by (ll.2p and the right vertical arrows 
is induced by the natural inclusion. 

Proof. The lower horizontal isomorphism is defined by O p (r) = Yli>o ' -^s * n 

Lemma ll. 1.101 1. The upper isomorphism is the lower one for the base change S' = 
Spec Ok> S such that eK'/K r is an integer. The commutativity of the diagram is 
clear from the construction. ■ 
We consider a cartesian diagram (11.11) satisfying the condition (CI) in Lemma fl. 1.91 
For a positive integers m, n > 0, the diagram 



Q 



(m/n) 
T 



:i-4) 



,(m/n) 



Q 



P 



is cartesian. Hence the canonical map Q T ' 



(m/n) 



induces a finite map Q^ 1 ^ — > Pg V ^ n> on the closed fibers. For r = m/n, we have a 



,(m/n) 



p(m/n) . g a ^ so quasi-finite and flat and 



>('') 



Pjf of schemes and a finite morphism of Q)p 



P is etale, the diagram (11.41) with 



quasi-finite morphism Q T 

of affine formal schemes over S = Spf Ok- If Q 
(m/n) replaced by (r) is also cartesian. 

A diagram (11.11) satisfying the condition (CI) in Lemma 11.1.91 naturally arises in 
the following ways. 



Example 1.1.12 1. Let A be a finite flat Ox-algebra locally of complete intersec- 
tion and Ok[T\, . . . ,T n ]/(fi, . . . , f n ) — > A be an isomorphism over Ok- We define 
a closed immersion T = Spec A — > Q = Spec Ok[T\, . . . , T n ] by the surjection 
Ok[T\, . . . , T n ] — > A. We also define a section S — » P = Spec Ok[S\, . . . , S n ] by 
S\, ■ ■ ■ , S n i— > 0. Then, by defining Q — > P 6y Si h-> / i; we obtain a cartesian diagram 
(II. ip satisfying the condition (CI) m Lemma \1.1.9\ on a neighborhood ofT. 

2. Let X be a smooth scheme over k and D be a smooth divisor of X . We consider 
the local ring Ok = Ox,% at the generic point £ of D. Let f : Y — > X be a quasi-finite 
flat morphism of smooth schemes over k and assume V = Y x x U — > U = X \ D is 
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etale. We assume T = Y Xx S is finite over S. We put P = X S and Q = Y S 
and let Q — > P be f x l s . We consider the immersions S — > P and T — > Q defined 
by the natural maps S — > X and T — ► V. T/ien we obtain a cartesian diagram (11.11) 
satisfying the condition (CI) m Lemma \1.1.9l 

Lemma 1.1.13 Lei T be a finite flat scheme over S of degree d such that Tk is etale 
over K . We consider a cartesian diagram 

T ► Q 

S ► P 

satisfying the condition (CI) in Lemma [TTTT51 VKe consider the following conditions: 

(1) T/ie ramification ofT is bounded by r. 

(2) T/ie number of connected components of the scheme Q™L d. 

(3) The scheme QjX? over ^sT ^ s isomorphic to the disjoint union of d copies of 

pto 
S,F' 

(4) The map Qlpp — > P^ is finite and etale. 

(5) The induced map T —>■ Qj) is a closed immersion. 

(6) The ramification ofT is bounded by r+. 

Then, we have implications (1) <^> (2) <^> (3) =>- (4) =>- (5) =>- (6). If Qk Pr is finite 
Stale, we have (4) <^ (5). 

Proof. (1)=>(3) We may assume that the map Qj) — > Pg is finite flat of degree d on 
the generic fiber. Assume the ramification of T is bounded by r. For each t G T-p, let 
Qpp 1 denote the connected component containing the image of t by the map 

Then, we have an open and closed immersion TL C ^_Q!^ — > QpL- Since the number 

J — LtfcJ p, ±^F 1 ,F 

of the points in every geometric fiber of the map Qj) — > Pjf^ is at most d, we obtain 
an equality U teT _ = Q^- 
(3)=*(2) Clear. 

(2) =>(1) By [6] Chap. V §2.4 Theorem 3, the image of every connected component 

of Q T -p is Pap- Hence the map Tp — > n Q (P SF -) is surjective. Since the cardinalities 
are the same, it is a bijection. 

(3) =K4) Clear. 

(4) =>-(5) We may assume that the map Qj) — > P<[ is finite etale. Then, the 
diagram 

T > QP 

(1.5) | 

S ► pp 
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is cartesian and the upper horizontal arrow is a closed immersion. 

(5)=^(6) Let s > r be a rational number. Then, we have a commutative diagram 



Tp > (Qy-p)rod > Tp > Qp 

Spec F ► pgl ► Spec F ► P^ . 

Since the composition of the left two upper horizontal arrows is the identity, the map 
Tp- — > 7To(<5yL) is an injection. ■ 
The equivalence (1)<=>(2) means that Definition 11.1.81 1 is equivalent to that in [1] 
Definition 6.3 if A is locally of complete intersection. Under the assumption that 
Qk — > Pk is finite etale, we have an equivalence (4) <^ (5) <^ (6) (cf. [2] Corollary 
4.12). The author does not know how to prove the implication (6) => (4) without using 
rigid geometry. 

Corollary 1.1.14 Let T be a finite flat scheme locally of complete intersection over S 
and T —>■ P a closed immersion to a smooth scheme over S . Assume Tk is etale over 
K. Then, there exists a positive rational number r such that the ramification ofT over 
S is bounded by r. 

Proof. By Lemma [1.1.131 (5)=>(6), it is a consequence of Lemma [1.1.31 ■ 



1.2 Logarithmic variant 

We keep the notation in the previous subsection. We consider a logarithmic variant of 
the constructions in the previous section, without using log geometry. We work with 
Cartier divisors to replace log structures. 

Let D s C S = Spec Ok be the Cartier divisor Spec F. Let T be a flat scheme of 
finite type over S and Dp be a Cartier divisor of T satisfying the following condition: 

(D) For each t G T, there exists an integer e t > 1 such that the pull-back of D s is 
equal to e t D T on a neighborhood of t. 

The condition (D) implies that the complement T \ is equal to the generic fiber 
Tk- If P is a regular flat scheme of finite type over S and if the reduced closed fiber 
Dp = (P x s D s )red is regular, then the Cartier divisor D P satisfies the condition 
(D). For (T, Dp) satisfying the condition (D), let ep denote the least common multiple 
lcniteTet. The condition ep = 1 is equivalent to that Dp is the pull-back of Ds- 

Let T be a flat scheme of finite type over S and Dp be a Cartier divisor of T 
satisfying the condition (D). For a surjection S' = Spec Ok> — ► S of the spectra of 
discrete valuation rings of ramification index e' = ck 1 /k> we define the log base change 
or the log product T' — T x^ g S' as follows. First, we consider the case where we 
have e t = e for every t G T and there exists a generator / of the ideal of Dp. Let 
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7r' be a prime element of K' . We define li G r(T, 0£) and t> G K , by 7r = u/ e 
and vr = wtt' 6 ' and a morphism Tx s S'-> Spec Z[X, Y, U ±x , V ±1 ]/(UX e - VY e ') by 
X i — ► f, Y i — ► 7r', C/ h m, 7 h t). Let ti = (e, e') be the maximum common divisor and 
put e = cfei and e' = de' x . Let a and b be integers satisfying d = ae + fee'. We define 

(1.6) 

= (T x 5 5 , )[^,^ ±1 ]/(/-^ e ' 1 W /a ,^ -^W-^-a^) 

where Z[X, F, f/ ±1 , y ±1 ]/(f/X e - KF e ') -> Z[Z, W ±x , t^ 1 ] is defined by X h-> Z^W a , 
Y i — > Z ei W~ b ,V i — > UW d . This is independent of the choices and is well-defined. In 
the general case, we define T x^ g S' by patching. 

The canonical map T' = T x^ g S' — > T x s S" is finite. If = 1, the canonical map 

is an isomorphism. 

If X" is flat over 5", we define a Cartier divisor Dpi locally to be that defined 
by Z in (11.61) . Then, the divisor Dpi satisfies the condition (D) by putting e t > = 
e t /gcd(et,efc'/K) for t' G T' above t G T. We have ex> = eT/gcd(er, gk'/k)- bi 
particular, if ck'/k is divisible by e?, we have epi = 1 and the divisor Dpi is the 
pull-back of Ds'- 

Definition 1.2.1 Let K be a discrete valuation field and let Dg be the Cartier divisor 
Spec F of S = Spec Ok- 

1. Let T be a flat scheme of finite type over S and Dp be a Cartier divisor of T 
satisfying the condition (D). We say (T,D T ) is log flat over S, if, for an arbitrary 
surjection S' = Spec Ok> —* S of the spectra of discrete valuation rings, the log base 
change V = T x 1 ^ S' -> S' is flat. 

2. Let P be a regular flat scheme of finite type over S such that the reduced closed 
fiber Dp = (P x s Ds) re d is regular. We say P is log smooth over S, if etale locally on 
P, there exists a smooth map P — > P e for some e > 1 where 

p = js P ec(^[t]/(t e -7r) ifeeO Kl 
1 Spec Ok\P, u ±l }/ (ut e — 7r) if otherwise. 

and ti is a prime element of K. 

3. Let T — ► P be a closed immersion of flat schemes over S and Dp and Dp be 
Cartier divisors satisfying the condition (D). If Dt = Dp XpT, we say T — > P is an 
exact closed immersion. 

Lemma 1.2.2 Let P be a regular flat scheme of finite type over S such that Dp = 
(P x 5 -Ds) re d is regular and that P is log smooth over S . Let S' = Spec Ok 1 S be a 
surjection of the spectra of discrete valuation rings. We put P' — P x^ g S' . 

1. The scheme P' is regular and flat over S' , Dpi = (P' Xs> AsOred is regular and 
P' is log smooth over S' . If the ramification index e' = ck'/k is divisible by ep, the 
map P' — > S' is smooth. 
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2. Let T be a finite flat scheme over S and T —>■ P be a regular exact closed 
immersion. Then, T is log flat and T' — T x^ g S' — ► P' is also a regular exact closed 
immersion. 

Proof. 1. It suffice to prove the case where P = P e for an integer e > 1. If e is invertible 
in Ok, in the notation of (11.61) . the log product P e x^ g S' is given by 

Spec K ,[t}/{t e - ti)[Z, W^j/it - Z<W a y - Z ei W~ b ,v- W d ) 
= Spec K ,[W,Z]/(W d -v,Z ei -W). 

Since W b 7i' is a prime element of the unramifed extension OK>[W]/(W d — v), the 
assertion follows. Assume e is not invertible in Ok- Then, in the notation of (11. 6p . 
P e x^ g 5" is given by 

Spec K \t,u ±l ]/{ut e - n)[Z, W ±l ]/(t - Z<W a ,7c' - Z ei W~ b ,v- uW d ) 
= Spec O k > [Z, W ±l ]/(W~ b Z ei - tt'). 

First, we consider the case where e\ is invertible in Ok- In this case, the etale covering 
P e x l ° g S'[V]/(V ei -W) = Spec O k \Z, V ±l ]/((y- b Z) e ' - tt') of P e x'° g S' is smooth 
over P' = Ok'[T]/ '(T ei — tt'). Assume e\ is not invertible in Ok- Then, by the 
definition of b, we have (b, ei) = 1 and b is invertible in Ok- Hence P e x^ g S' = 
Spec K '[Z, W^/iW-tZ* 1 - tt') is etale over P' ei = Spec O k >[Z, V ±l ]/(VZ ei - tt'). 

If e' divides e, we have t\ = 1 and P e x 1 ^ 8 S' is smooth over P[ = S'. 

2. By the definition of the base change, the map T 1 — > P' is a closed immersion 
and T' is finite over S'. Since the ideal Xt> C Op/ is locally generated by d elements 
where d is the relative dimension of P 1 over S', the immersion T' — > P' is regular and 
T" is flat over S'. By the definition of Dt>, the immersion T' — > P' is regular. ■ 

Corollary 1.2.3 Let P be a regular flat scheme of finite type over S such that Dp = 
(P x s Ds)red is irreducible and regular and that P is log smooth over S. Let S' = 
Spec Ok 1 —> P be the localization at the generic point £ of Dp. 

Let L be a finite separable extension of K , T = Spec Ol and Dt = (T x s Ds) T ed- 
Then, T' = T x^ g 5" is equal to Spec Ol® k k< and we have Dt> = (T" x s > Ds>) rE d- 

Proof. It suffices to show that T' = T x^ g 5" is regular and that Dx> is defined by the 
reduced closed point at each closed point £' G T' . Let t G T be the image of and T t 
be the localization at t. Then, the localization of T' at Q is equal to a localization of 
P x l g g T t and the assertion follows from Lemma fl. 2.21 1 ■ 
For the convenience of a reader familiar with the terminologies on log geometry as 
in [12] §4, we include a lemma, not used in the sequel, showing that the Definition 
11.2.11 above is a special case of the standard definitions. 

Lemma 1.2.4 We consider S = Spec Ok as a log scheme with the log structure defined 
by D s . 
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1. Let T be a flat scheme of finite type over S and Dp be a Cartier divisor satisfying 
the condition (D). Then, the following conditions are equivalent: 

(1) The log scheme T with the log structure defined by Dp is log flat over S. 

(2) (T,Dp) is log flat over S in the sense of Definition I1.2.TU . 

2. Let P be a regular flat scheme of finite type over S such that the reduced closed 
fiber Dp = (P x s Ds) rc d is regular. Then, the following conditions are equivalent. 

(1) The log scheme P with the log structure defined by Dp is log smooth over S . 

(2) (P,Dp) is log smooth over S in the sense of Definition \1.2A] 2. 

Proof. 1. (1) =^> (2) Let S' = Spec Ok 1 — » S be a surjection of the spectra of discrete 
valuation rings and we show that the base change X" = T x^ g 5" — > S' is flat at each 
closed point t' G T' . We put e' = e t >. Let S[ be the localization of P e i over S' and 
consider the cartesian diagram 

V < T[ = V x£, g S[ 

(1.7) | 

5' < S[. 

Since e' = et>, the map T[ — > S[ is strict on a neighborhood V{ of the inverse image of 
t'. Since T' — > S' is log flat, the map V{ — > S[ is log flat and strict ane hence is flat. 
Since S[ — > S is log flat, the map V{ — > T' is also log flat and strict ane hence is flat. 
Hence the map T' — > S' is flat. 

(2) ^> (1) Let t G T be a closed point and put e = e t . Let Si be the localization 
of P e and consider the cartesian diagram (11. 7p with ' removed everywhere. Then, as 
above, there exists an open neighborhood V\ C T\ of the inverse image of t such that 
V\ — > T and V\ — > 5*i are flat. Hence by [12] Proposition 4.3.10, the map T — > S is log 
flat. 

2. (2) =^ (1) Since P e is log smooth over S, the assertion follows. 

(1) =>• (2) We consider the ring homomorphism Z[N] — > Ok sending 1 G N to 
a prime element 7T. The question is etale local. Hence, we may assume that P = 
Spec Ok <8>z[n] Z[M] for a morphism N — > M of fs- monoids such that the map Z — > M gp 
is an injection and that the order of the torsion part of the cokernel is invertible in Ok- 
Further M = M/M x is isomorphic to N. We may assume M gp is torsion free. 

gp 

If the order e of the cokernel of Z — > M is invertible in Ok, we may assume 
M = N. In this case, we have P = P e . Assume e is not invertible. In this case, we 
may assume M = N x Z and the map N —>■ M sends 1 to (e, 1). Then, we also have 

P = Pe- ■ 

In this subsection, T denotes a finite flat scheme over S and D? denotes a Cartier 
divisor of T satisfying the condition (D) such that (T, D T ) is log flat over S. Recall 
that ep denotes the least common multiple of the integers e t > 1 for closed points 
t G T. 



14 



Definition 1.2.5 Let T be a finite flat scheme over S such that Tr is Stale over K 
and let Dt denote a Cartier divisor ofT satisfying the condition (D) such that (T, Dt) 
is log flat over S . 

1. For a rational number r > 0, we say that the log ramification of (T, Dt) over S 
is bounded by r if, for a surjection S' = Spec Ok> — ► S of spectra of discrete valuation 
rings such that e = ex'/K is divisible by ct, the ramification of the finite flat scheme 
T x^ g S' over S' is bounded by er. 

2. For a rational number r > 0, we say that the log ramification of (T, Dt) over 
S is bounded by r+ if the log ramification of (T, Dt) over S is bounded by s for every 
rational number s > r. 

3. Let L be a finite Stale K-algebra, T = Spec Ol and D T = Spec (Ol ®o k F)red- 
Then, we say that the log ramification of L over K is bounded by r (resp. byr+) if the 
log ramification of (T,Dt) is bounded by r (resp. by r+). 

Let (T, Dt) be as in Definition 11.2.51 and S' — > S be a surjection of spectra of 
discrete valuation rings of ramification index e. Then, it is clear from the definition 
that the log ramification of T over S is bounded by r if and only if the ramification of 
T x^ g S' over S' is bounded by er. 

Lemma 1.2.6 Let P be a regular flat scheme of finite type over S such that Dp = 
(P x,s Ds)red is irreducible and regular and that P is log smooth over S and let £ be the 
generic point of Dp. We put Ok> = Op^ and consider the surjection S' = Spec Ok 1 — * 
S of ramification index e . 

Then, for a finite separable extension L of K , the log ramification of L over K is 
bounded by r if and only the log ramification of L ®k K' over K' is bounded by er. 

Proof. Clear from Corollary 11.2.31 and the above remark. ■ 
Let T be a finite flat scheme over S and Dp be a Cartier divisor satisfying the 
condition (D). We consider an exact closed immersion T — > P to a log smooth scheme 
P over S. Let S' = Spec Ok< — > S be a surjection of spectra of discrete valuation rings 
of ramification index e. Then, the base change T' = T x^ g S' — ► P' = P x^ g S' is an 
exact closed immersion to a log smooth scheme over S'. Assume e is divisible by the 
integer ep. Then, the map P' — > S' is smooth. Thus for positive integers m, n > and 

r = m/n, we apply the construction in §1.1 to define P^, n \ P T f m ^ n \ -P^f Ppf r \ P^, 
etc. 

Example 1.2.7 Assume K is complete. 

1. Let L be a finite separable extension of K and Ok[X\, . . . , X n ]/ (fx, . . . , f n ) — > 
Ol be an isomorphism. Let m < n be an integer such that the images zx,...,z m of 
Xi, . . . , X m are non-zero and that Zi is a prime element of L for some 1 < i < in. We 
define a map N m+1 — » N by sending the standard basis of N m+1 to eL/K,vp{zi), ■ ■ • , 
VL(z m ). Let M be the inverse image of N by the induced map Z m+1 — > Z. We define 
N m+1 — > Ok[Xi, . . . , X n ] by sending the standard basis to n, X%, . . . , X m where n is a 
prime element of K. 
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We put P = Spec Ok[Xx, . . . ,X n ] ®z[N m+1 ] Z[M]. Then, P is regular, the reduced 
closed fiber of P is regular and P is log smooth over S . Further the isomorphism 
Ok[Xi, . . . , X n ]/(fi, . . . , f n ) — > Ol induces an exact closed immersion T = Spec Ol — > 
P. For a finite extension K' over K with ramification index e divisible by cl/k, the 

affinoid variety over K' defined by the formal Ok 1 -scheme P'^f is the affinoid variety 
Y% j p defined in 3.1 for a = r and I = {1, . . . , n} D P = {1, . . . , m}. 

2. Assume Spf A is the completion of P at T = Spec A. For a finite extension K' 
over K with ramification index e divisible by clik, the affinoid K' -variety defined by 

the formal Ok 1 scheme P'^f^ is the affinoid variety X( (A —>■ A)' K defined in [2] ^.2 
for j = r. 

We consider a cartesian diagram 

T ► Q 

(1-8) | 

S > P 

of schemes over S satisfying the following condition: 

(LCI) The vertical arrows are quasi-finite and flat and the horizontal arrows are 
closed immersions. The scheme P is smooth over S, Q is regular flat over S, Dq = 
(Q x s -Ds) re d is smooth over F and Q is log smooth over S. 

We consider the Cartier divisor = Dq XqT. Then, by Lemma 11.2.21 2. the pair 
(T, Dt) is log flat over S. 

Let S' — ► S be a surjection of the spectra of discrete valuation rings of ramification 
index e. We assume that cq divides e. Then by Lemma 11.2.21 the log product Q' = 
Q Xg S 5" is smooth and the immersion T' — T x^ g 5" — > Q' is a regular immersion. 
Hence the cartersian diagram 

r — ► q' 

(1.9) [ 

S' > P'= P x s S' 

satisfies the condition (CI) in Lemma [1.1.91 

1.3 Logarithmic ramification groups 

In pQ Definitions 3.4 and 3.12, we introduced two nitrations, the non-logarithmic one 
and the logrithmic one, by ramification groups of the absolute Galois group. In this 
paper, we will be only interested in the logarithmic filtration. 

Assume K is a henselian discrete valuation field. Let K be a separable closure and 
Gk = GaX(K/K) be the absolute Galois group. In [I] Definition 3.12, we define a de- 
creasing filtration by logarithmic ramification groups G r K L C Gk indexed by positive 
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rational numbers r > 0. We put G r ^ log = \J q>r G q KXog and Gr r log G K = G T Klog /G r £ log . 
For r = 0, G^ log C G° Klog are equal to the inertia subgroup and its prop Sylow 
subgroup Pel. 

We consider the opposite category (FE/K) of finite etale X-algebras. We identify 
the category (FE/K) with that of finite discrete sets with continuous action of the 
absolute Galois group Gk by the fiber functor X \— > X(K). For a rational number 
r > 0, the etale i^-algebras L such that the log ramification is bounded by r+ form a 
Galois subcategory (FE/K) r+ of (FE/K) corresponding to a normal closed subgroup 
G r x log C Gk = Gal(K/K). For an extension of discrete valuation field K' over K of 
ramification index e, the natural map Gk x Gk sends G e ^, log into G r K log . 

In the rest of this section, we assume that K satisfies the following condition: 

(Geom) There exist a smooth scheme X over k, an irreducible divisor D smooth 
over k with the generic point £ and an isomorphism S — > Spec 0\ ^ to the henselization 
of the local ring. 

Let ST^(log) denote the F- vector space ^^.(log-D)^ ®e> xc F. It fits in an exact 
sequence — > &p/ k — > (log) ^ F — > 0. We extend the normalized discrete valuation 
v k '■ K — > Z U {oo} to v k '■ K — > Q U {oo}. Let r > be a rational number. We put 
m^r = {a G K\vk(o) > r} and = {a G K|i>x(a) > r}. Let 0^ = O^j og denote 
the F-vector space V(f^(log) ® F mt r) /mt r)+ ). 

Let P 1 = (X x k S)' be the blow-up of X x k S at D x k D$ and define the log product 
P = (X x k S)~ C P' to be the complement of the proper transforms of D x k S and 
of I X(. Ds- Then, P is smooth over S and the canonical map S — > X induces a 
section S —>■ P. Thus, for a rational number r > 0, applying the construction in §1.1, 
we define the schemes P s r \ Pgp, etc. Since Ms/p = ^x/ k (l°sD)^, we have a canonical 
isomorphism 

(i-io) p& — ► eg 

by Lemma [1.1.101 

Under the condition (Geom), a canonical surjection vr^ b (0^g) — > Gr[ og G^- is defined 
in [2] (5.12.1). We recall the construction. Let L be a finite etale algebra over K. 
After replacing X by an etale neighborhood of £ if necessary, there exists a finite flat 
morphism / : Y — * X of smooth schemes over such that V — Y XxU —>■ U = X\D is 
etale and that Y x x S = T = Spec 0£. We also assume that V C Y is the complement 
of a smooth divisor F. 

Similarly as the construction of P = (X x k S)~, let Q' = (Y x k S)' be the blow-up 
of Y x k S at E x k Ds and Q = (Y x k S)~ C Q' be the complement of the proper 
transforms of E x k S and of Y x k Ds- We consider the immersions S — > P and T — > Q 
defined by the natural maps S — > X and T — ► Y\ Then we obtain a cartesian diagram 
(11. 8p satisfying the condition (LCI). 

Let K' be a finite extension such that the ramification index e' is divisible by cl/k- 
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We put 5" = Spec Ok> and consider the diagram 

T'= T x£ g S' ► Q'= Q x£ g S' 



S' ► P' = P x s S' 

satisfying the condition (CI). Assume that the log ramification of L over K is bounded 
by r+. Then, the conditions (4) and (6) in Lemma [1.1.131 are equivalent in this case 
and the induced map 

(III) o' {e - ► P' (e - - G (r) 

is finite etale. This construction defines a functor (FE/K) r+ — > (FE/O^) to the 

category of finite etale schemes over 6^ and hence a morphism 7Ti(Gj£g) — > GK/G r ^~ log . 
In [2] Theorem 5.12.1, it is proved that it factors through the abelian quotient and 
induces a surjection 

(1-12) < (eg) > Gr{ og G K . 

We give a compatibility of the map (11. 12ft with a log smooth base change. Let 
S — > X be as above. Let t be a uniformizer of D C X and e\ > 1 be an integer. Let 
X% be a scheme smooth over 

{X[T]/(T ei — t) if ei is invertible in k, 

X[T, U ±l ]/{UT^ - t) if ei is in A; 

and assume Di = (D x x Xi)red is irreducible. Let be the henselization at 
the generic point £i of Z?i. 

Lemma 1.3.1 Let S\ = Spec — > 5 = Spec fre t/ie surjection of the spectra 
of discrete valuation rings of ramification index e\ above and let r > be a rational 
number. Let F\ denote the residue field of K\ and let tt : Q^[l s ~^ ©Flog ^ e ^ e ma P 
induced by Fi<S>f ^F(log) — > ^^(log). 

Then, the induced map Gr^G^ — > Gr[ og G^ is a surjection and the diagram 

<(0S g ) -i b (©g og ) 

(1.13) 

^ r Sg^^i * Gr[ og Gft- 

commutative. 
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Proof. The natural map F x ® F Q F (log) — > fi^log) is injective and hence ir : Qp^lg — * 

®F,io g x f~Fi 18 a surjection of vector spaces. Thus, 7T* : 7^(0^2 ) — > 7i"i b (0^] og ) is a 
surjection. Hence, it suffices to show the commutativity of the diagram ( 11. 13H . 

Let Y -> X and Q = (Y x S)~ -> P = (X x S)~ be finite coverings and S" -> S be 
a finite surjection appeared in the construction of the map (11.111) . The normalization 
Y\ of the fiber product Y Xx Xi is smooth over k and V\ — V Xu U\ is the complement 
of a smooth divisor P^ C Y\. By Corollary 11.2. 31 the log product S' x^ g Si is normal 
and is a finite disjoint union of spectra of discrete valuation rings. Let S[ = Spec O k ^ 
be a connected component and e' be the ramification index e K > / K . Applying the 
construction of the map (11. lip to Y\ — > X x and «9j — > Si, we obtain a finite etale 
covering 

fl 14) o' (e 'l ) > p'^ - e (e ' r) 

It suffices to show that the diagram 

Tf (e'O "p'(e'0 

^Tl,F! > S[,Fi 



Tj'( er )_ -p'( er )_ 

^T',F *■ r S',F 

is cartesian. 

By the construction, it suffices to show that the map Pi — > P x g Si is smooth. 
Since Pi = (X\ x Si)~ — > (Z ei x Si)~ is smooth, it is reduced to the case where 
Xi = Z ei . First, we consider the case ei is invertible in k. Let tt G (9k be the 
image of t and m G 0^ be the image of T. Then, Pi = (X[T]/(T ei - t) x S x )~ = 
X x 5i[T]/(T ei - t)[V ±l }{T - Vtti) equals X x S , i[y ±1 ]/(V ei 7r - t). This is etale over 
Px s Si = (X x S)~ x s Si = X x Si[W ±l ]/(t - Wit). 

We assume ei is not invertible in k. Let tc G Ok be the image of t and let iti,u G 
£> Xl be the image of T, £7. Then, P x = (X[T,U ±l }/ (UT e ' - t) x S x )~ equals X x 
Si[T, U ±l ]/(UT ei - t)\V ±l ){T - Viti) = X x Si[U ±1 ,V ±1 ]/{UV ei n?- - t). This is 
smooth over_P x s Si=Xx S^W^/fr - W%). ■ 

For an F- vector space V of finite dimension, we introduce a quotient 7rf g (V) of 
7rf (V) annihilated by p. We regard K as a smooth group scheme Spec S*V V over 
P. Let (FE/V) alg be the full subcategory of (FE/V) whose objects are finite etale 
morphisms / : X — > V" such that there exists a structure of algebraic group scheme 
on X and that / is a morphism of algebraic groups. Let 7rf g (V) be the quotient 
of 7ri b (V) corresponding to the subcategoy (FE/V) alg . The pro-finite group 7rf g (V) 
is the Pontrjagin dual of the extension group Ext(V, F p ) in the category of smooth 
algebraic groups over F. The map V v = Hom^V, F) — ► Ext(V,F p ) sending a linear 
form / : V — > A-L to the pull-back by / of the Artin-Schreier sequence — > ¥ p —>■ 

A-L 1 A-L — > is an isomorphism. Thus we have defined a canonical isomorphism 



1.15) V v ► Hom(7rf g (y),Q/Z) = Ext(V,F p 
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Lemma 1.3.2 Let V be an F-vector space of finite dimension. For a continuous 
character \ : irf°(V) — > Q/Z of finite order, the following conditions are equivalent. 

(1) x factors through the quotient nf s (V). 

(2) -* x = pr^x-pr^x in Rom(nf(V x V), Q/Z). 

Proof. The implication (1)=^(2) is clear. We show (2)=^(1). Let \ ■ nf(V) -> Q/Z be 
a character satisfying — *x = pr*% — pr^jx- Taking the pull-back by i-i : V — > V x V, 
we obtain (—1)*% = — x- Hence we have +*x — WiX + P r 2X- By induction on n, we 
have n ■ x = [n]*X- Hence, we have p • x — 0- 

Let / : X — * V be the F p -torsor corresponding to x- By +*x = pr{x + P r 2%> we 
have an isomorphism (X x X) /¥ p —>■ X x v (V xV) of F p -torsors on V x V. We consider 
the composition + : X x X -> (X x X)/¥ p -> X x v (V x V) -> X. Take a point 

G / _1 (0). By shifting by the Fraction, we may assume 0+0 = 0. Then we can easily 
verify that -f defines a group structure on X and the map / : X — > V is compatible 
with the group structure. ■ 

We will prove the following theorem in the next subsection. 

Theorem 1.3.3 Let K be a henselian discrete valuation field satisfying the condition 
(Geom). The graded quotient Gr[ og Gj<- is annihilated by p and the surjection (11.121) 
induces a surjection 

(1-16) flfCeg) > Gr[ os G K . 

By the isomorphism (11.151) . Theorem 11.3.31 has the following corollary. 
Corollary 1.3.4 The dual of the surjection ^^(0^) — ► Gt^Gk defines an injection 
rsw:Hom(Gr[ og G^,F p ) > ^(log) ® F mt r) /mt r)+ . 

Theorem 11.3.31 implies the prime-to-p part of the Hasse-Arf theorem. Let V be 
an £-adic representation V of Gk- Since P = G°j^ log is a pro-p group, there exists a 
unique direct sum decomposition V = ® 9>0 qe q by sub G^-modules such that the 
G£ log -fixed part is given by V G ^ = g > r V®. We put Sw K V = J2 r r-rank G Q. 
Corollary 1.3.5 

Sw K V G Z[-l. 

p 

Proof. It suffices to show that dimV^ • r G Z[~] assuming V = V^'\ This is equivalent 
to that dimK is divisible by the prime-to-p part m of the denominator of r. Let 
X '■ Gr[ og Gx — > fi p C Qe be a character appearing in the restriction of V. The 
injection Hom(Gr[ og (jK-, F p ) — > Hom;p(m^/m^, f^(log) £g> F) is compatible with the 
action of I C Gj^ and the action of I is by the multiplication through the quotient 

1 A*m- Hence there are m conjugates of x appearing with the same multiplicities in 
V. Thus the assertion follows. ■ 

By the same limit argument as in the proof of Theorem 2.15 [2J, Theorem 11.3.31 
implies the following. 
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Corollary 1.3.6 For an arbitrary henselian discrete valuation field K of characteristic 
p > 0, the pro-finite abelian group Gr[ og Gx is annihilated by p. 

1.4 Nearby cycles 

Let X be a smooth scheme over k, D be a smooth irreducible divisor of X and U = X\D 
be the complement. Let £ be the generic point of D and Ok = 0\ g be the henselization 
of the local ring at £. We put S = Spec Ok and let 77 = Spec K be the generic point. 
We consider the log product P = (X x k S)~ as in the last subsection and the section 
S —>■ P induced by the canonical map S —> X. 

For a rational number r > 0, we consider the cartesian diagram 

D (r) i (r) D (r) i (r) D (r) r7 - P'i rr 

pr 2 

Spec F — - — > S < — - — 77 = Spec X. 

Let : S — > Pg be the section induced by S — > P. For r = 0, we have P^ = 
P = (X x fc Let be the nearby cycle functor for p^ : Pg — > S* and ^ be the 
nearby cycle functor for the identity S —> S. For a sheaf JF^ on 77, we identify ^{T^) 
with the Gx-module T^. 

Definition 1.4.1 Let T be a locally constant constructible sheaf of A-modules on U = 
X \D. The stalk defines a representation of the absolute Galois group Gk- 

For a rational number r > 0, we say that the log ramification of ' T at £ along D is 
bounded by r if G r Klog acts trivially on T^. Similarly, for a rational number r > 0, we 
say that the log ramification of T along D is bounded by r+ if acts trivially on 

Since P = G^ is a pro-p group, there exists a unique direct sum decomposition 
(1.17) T n = jf 

by sub Gft-modules such that the G^ -fixed part is given by 

<r- Gr K,io g _ ST\ 77(9) 
q>r 

Replacing X by an etale neighborhood of £ if necessary, we may assume that there 
exists a direct sum decomposition T = ® q>Q F^ inducing (j!.17p . 

We identify the stable closed fiber P^y with the P-vector space 9^ g by the iso- 
morphism in Corollary II .1.1 II 
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Proposition 1.4.2 Let r > be a rational number and let tt^ : P^I-p —>■ P^-L be the 



S,F ^ S ,T 

canonical map. Let J 7 be a smooth sheaf on U. We assume = J~fj for a rational 
number q > 0. 

1. Assume q = r. Let = ® x ^Pff > be the decomposition by characters \ '■ 

Gr[ og Gx — > A x . Let C x be the smooth sheaf of rank 1 on P^-p = 0^ defined by the 

composition 7Ti(0^) ab — > Gr[ og G^ — > A x . 

Then, there exists a canonical isomorphism 

(1.18) ^M(pr^) ► x 7rI r) /: x ®pM^ x) 

on pW. 

If q < r, then there exists a canonical isomorphism 

(1.19) ^M(pr^) ► tt^A <g> p^HiFn) 

on P«. 

Proof. Let V — - > Z7 be the finite etale covering trivializing JF. Replacing X by an etale 
neighborhood of £, we may assume that 1/ is the complement of a smooth divisor of 
the normalization Y of X in 1/ as in the previous subsection. We consider the diagram 
fll.8p . Since q < r, there exists a finite extension X' of K of ramification index e 
such that er is an integer and that, for the base change by S' = Spec Ok> — > S, the 
map Pjgr is finite etale by Lemma 11.1.131 If q < r, the finite etale covering 

Qt>1f "> pi s>i is triviaL 

The pull-back of pr^jF to U x Spec K' is extended to a smooth sheaf Q on P^ . 

By the definition of the surjection 7Ti(0{o g ) ab — ► Gr[ og G^, the pull-back of Q to P^p = 

PgT^ x S / F is isomorphic to @ x £™ nk jr<x) if g = r. If g > r, the pull-back of £ to P^p- 
is constant. 

We consider the nearby cycle functor ip' for the smooth map p'^ : PgT^ —>■ S'. Let 
s' : S' —>■ P^ be the section induced by S —>■ P<f\ Then ^'(pr^jF) is the restriction 
of Q on P^p and the base change map 

(1.20) s'V(pr^) = Go > 4>(F) 

(r) 

is an isomorphism, where G log denotes the origin. Thus we obtain a canonical 
isomorphism 



Y £ x ®p'( er )*^ x) if q 



r 



^' 21 ^ ^(pr^) ► (p'A*^^) ifg>r. 

Since ^^(pr*^ 7 ) = ^^^'(pr^J?-*) , the isomorphism ( 11.211) induces isomorphisms ( 11.181) 
and (1TT9D . ■ 
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Corollary 1.4.3 Let r > be a rational number. 

1. If the log ramification of T is bounded by r+, then the base change map 

(1.22) S M*V (r) (pr*.F) ► ip(F v ) 

is an isomorphism. 

2. The base change map (11.221) induces an isomorphism 

(!-23) S M*^ (r)0 (pr^) ► ff K+los C T n = i>{T n ) 

to the G r x log -fixed part. 

Proof. 1. We may assume T = J 7 ^ 9 ' for some rational number < q < r. First, we 
consider the case r > 0. We use the notation of the proof of Proposition 11.4.21 Since 
the inverse image 7r _1 (0) of G 0^ = P^-p consists of the image of the geometric 

closed point by the section S — > Pg\ the isomorphism (ll.20p shows that the base 
change map (ll.22p is an isomorphism. 

Assume r = q = 0. Then, the smooth sheaf pr^jF on U x r] C P = P^ is tamely 
ramified along P x g Spec F. Hence, etale locally on P, it is isomorphic to the pull-back 
of a sheaf on 77. Since P is smooth over S, the assertion follows. 

2. We may assume T = J**) for some rational number q > 0. By 1, it suffices to 
consider the case q > r. Since the base change map 

^M0(jr)_ ^O(^) is injective, it 
suffices to show that the base change map is the 0-map. 

Let f rq : P^ — > Pg be the canonical map. By Proposition 02], the sheaf ^{F) 
has no non-trivial geometrically constant subsheaf. Since the image f rq (P^) is a 
point, the base change map f* q ip ( - r \j-') — > ij)^ q >{!F) is the 0-map. Thus the composition 
ip {r) {F)- s -> ^ (9) (-^)s -> H^v) is also the -map as required. ■ 

We consider Tt = Homfar?, J 7 , pr^jF) on Pg = U xrj and the base change map with 
respect to the diagram 

U XT] 

T] — - — > S. 

Corollary 1.4.4 Let r > be a rational number. 
1. The following conditions are equivalent: 

(1) The log ramification of T is bounded by r+. 

(2) The base change map 

s (r)*jir) n > ]if £nd{T v ) 

is an isomorphism. 
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(3) The identity 1 6 Endc K (^) = T(S, j*£nd(J-' v )) is in the image of the base 
change map 

T(S,s^*ji r) n) ► r(S,j*£nd(F v )). 

G r+ i \ 

2. Assume that the G r ^ log -fixed part K ' log is 0. Then we have i*s^*ji H = 0. 

Proof. 1. (1)=^(2) It suffices to show the isomorphism for the geometric closed fiber at 

s = Spec F — > S. By the assumption (1), we have = K ' los and the base change 
map (I1.23P induces an isomorphism 

s (r)*^(r)0( W )_ = Hom(^(^),sW*^( r )°(pr^)) -> Hom(^(^),V(^)) = End(^(^)). 

Taking the fixed parts by the inertia subgroup / C Gk, we obtain an isomorphism 
(s^*ji r) H)s = s< r >V (r) W -> End/ft/;^)) = {j*£nd{F n ))- s as required. 

(2) ^(3) Clear. 

(3) =^(1) We consider the direct sum decomposition = ® q F^- It suffices to 

show that the identity is not in the image assuming ^ for some q > r. Thus it 
is reduced to the assertion 2. 

2. Assume A log = 0. Then, similarly as in the proof of 1 (1)=^(2) above, we have 
( 8 (r)*jjr ) n y s = s (r)*ip(r)0( H y = B 

Corollary 1.4.5 Assume that q = r > is an integer and that the restriction to G r Klog 
of the action on is by the multiplication by a character x '■ Gr[ og G# — > A x . 

1. There exists a canonical isomorphism 

(1.24) ^W(pr*^) > £ x ®pW*^(^,) 

on P«. 

2. There exists a canonical isomorphism 



(1-25) i^*ji r) H ► C x ®p<- r >i*j*Snd(F v ) 

on P]£> F . 

Proof. 1. Clear from Proposition II .4.21 1 . 
2. By 1, we have an isomorphism 

^ r) (H) = 

(1.26) Hom(pW*^(^„),V (r) (pri^)) ► Hom^W*^^), £ x ® P {r) *ip(F v )) 

= £ x ®pW*-0(^(^))- 

We have canonical isomorphisms RT(I : tp^) — > i^*Rj* and RT(I,tjj) — > i*-Rj* of 
functors. Thus, we obtain the isomorphism ( ll. 25ft by taking the inertia fixed parts in 

3E2SD. ■ 
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The following geometric construction is crucial in the proof of Theorem 11.3.31 Let 
(X x X)' ^ X x X be the blow-up at D x D and let (X x X)~ C (X x X)' be the 
complement of the proper transforms of D x X and of X x D. We call the immersion 
5 : X — * (X x X)~ induced by the diagonal i:l-*lxl the log diagonal. Let 
Jx C (X x X)~ be the ideal defining the log diagonal and let j : U x U — > (X x X)~ 
be the open immersion. For an integer r > 0, we define a scheme (X x X)^ affine 
over (X x X)~ by the quasi- coherent O(xxX) — algebra ^z>o-^o' r ' $x c j*&uxu- 

Similarly as Corollary 11.1. Ill the fiber product (X x X)^ x x D is canonically 
identified with the vector bundle *V (ft x (log D)(rD)) x x D. Hence the map (XxS)^ — > 
(X x X)^ defined by the canonical map S — > X induces an isomorphism 



(X x 5)W x x Spec F ► (X x X)M x x Spec F 

1.27) 

~" '"'log 



e£ = V(n x (logD)(rD)) x x Spec P. 



Lemma 1.4.6 Let r > be an integer. Then there exists a unique map \i : (X x 
S)W x s (X x S)W -> (X x X)M tnat mates the diagram 

(X x 5)W x 5 (X x 5)W — ^ (X x X)M 

(1.28) 

(IxS)x s (Ix5) = IxIxS X x X 

commutative. 

5. Pnder the identification (Q7I) (X x X)M x x Spec F = e[ r J g , the map fi : 
[X x S)M x s (X x S)« -> (X x X)W induces tae difference - : 6^ x F eg -> eg 
on t/ie /i&er over Spec F. 



Proof. We put P = (X x S')~ x 5 (X x Applying the basic construction to the 

(r) 

smooth scheme P and the diagonal section S — > P, we define q : Pg —>■ P and a 
section : 5 -> P| r) . The projections P -> (X x S)~ induce P^ r) -»• (X x S)^ r \ We 
show that the product 

(1.29) P { s r) -> (X x S) (r) x 5 (X x 5) (r) 

is an isomorphism. Since the ideal defining the closed subscheme S C P is generated 
by the two pull-backs of the ideal defining the closed subscheme S C (X x S)~. Hence, 
the map (11.291) is a closed immersion. Since both P^ and (X x S)^ x§ (X x S)^ are 
smooth over S of the same dimension, the closed immersion fl 1 . 2 9 [) is an open immersion. 
Since the map (11.291) is an isomorphism on each fiber, it is an isomorphism. 

Let P(xx5)~ C (X x S)~ be the pull-back pr^P = pi^Ds- Since pr*P(x x s)~ = 
pr|.D(xxS)~ on P, there exists a unique map A : P —>■ (X x X)~ that makes the 
diagram ffL28l) with \i : pW = (X x S)^ x s (X x S) ( ^ -> (X x X)W replaced by 
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A : P — > (X x X)~ commutative. By the commutative diagram 

5 ► X 



P — ^ (X x X)~ 

the pull-back A*(X^ /r • X^) is contained in m.^ r • X l s . Hence the assertion follows. 

2. Let J x C C(xxx)~ and C C(j x s)~ be the ideals defining the closed 
subschemes X C (X x X)~ and S C (X x S)~ respectively. By the identifica- 
tion in Corollary CXm the map ©£ g x F ©2 -> ©£ C (X x X)M is defined by 

Jx — * ttV^ r ■ J7s © m^ r ■ Js- Hence, it is a linear map of vector bundles. Thus it 

(r) (r) (r) 

suffices to show that the composition with the injections i\, i 2 : © log — > @ log x p 0i og of 

(r) 

the two factors are the identity of log and the multiplication by —1 respectively. 

Let s : S — >• (X x S)^ be the map induced by the canonical map S — > X. We 
consider the map tj = (id (Xx5)W , s o pr 2 ) : (X x S)^ -> (X x S)M x 5 (X x S)( r ). 

Then, its restriction 0j£ g — > ©^ x F©io g to the closed fiber is the injection to the first 
component. The composition fj,ot 1 is the map (X x S)M -4(Ix X)M induced by the 

(r) 

canonical map S — > X. Hence the composition // o i x is the identity of @i og - Similarly, 
we consider the map t 2 = (s pr 2 , idpr x S)( r )) : (X x S)^ — > (X x 5)^ x 5 (X x 5)^. 
Then the composition /xot 2 : (XxS)'^ — > (IxX)^ is the composition of the canonical 
map (X x S)^ -> (X x X)M and the map (X x X)M -> (X x X)M switching the 
two factors. Hence the composition jj, o i 2 is the multiplication by —1 of &[l g - Hence 
the assertion is proved. ■ 

Proof of Theorem \1.3.3[ We start with some reduction steps. For each non-trivial 
character x '■ Gr[ og GA- — > A x , the surjection (11. 1 2 p defines a locally constant sheaf 
C x of A- modules of rank 1 on ©fog- By Lemma 11.3.21 in order to prove Theorem 
11.3.31 it suffices to show that, for every character \ '■ Gr[ og G/< — ► A x , there exists an 
isomorphism — *C X — > TCom(plC x , P*C X ) assuming A is a finite field. 

We reduce it to the case where r is an integer. Let e > be an integer such that 
er is an integer and let K\ be an extension of K of ramification index e as in Lemma 
11.3.11 Then the construction of C x commutes with the base change K — > K\. Hence, 
it is reduced to the case where r is an integer. 

We show that it is reduced to the case where the restriction of the action on 
to G r Klog is by the multiplication by a character \ '■ Gr[ og G^ — ► A x . By the same 
argument as in the last paragraph, we may replace K by a tamely ramified extension. 
Hence we may assume the restriction to G°j^ log is irreducible. By [2] Theorem 5.12.1, 
Gr[ og Gi<- is in the center of G°^ log / G r j^ log . Hence, the action on to G T K log is by the 
multiplication by a character x '■ Gr[ og GV — > A x . 

We assume that r > is an integer and the restriction of to G r K log is the multi- 
plication by a non-trivial character x '■ Gr[ — > A x . We consider the commutative 
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diagram 



log 



log 



U log 



(X x X)W x x 7J 



-> (X x 5)W x s (X x 5)W ([/ x 77) x„ ([/ x 77) 

= U X U X T] 

P r 12 



(X x X) 



(r) 



The left square is commutative by Lemma [1.4. 61 2. We consider the base change map 



1.30) 



-*((««)!««) 



log 



i*j*pr* 12 H 



e (r) 

U log 



for W = Ham{y£* 2 F, pr^) on 17 x f/. 

First, we compute i*j*prj 2 7i. We have ^(pr* 2 7i) = ipiJiomijiT^J-', prJjF)) where 
prj : £7 x [/ x 77 — > [/ denote the projections. Further, we have ^{Hom{$Y* 2 T , pr*.F)) 
^om(^(pr^),^(pr*J !r )) = Hom(pr*^ (r) ^, pr*^ (r) ^) where pr 4 : 0^ x 
denote the projections in the right hand side. By Proposition 11.4.21 it is further identi- 
fied with TCom(pi2C x , j>r*C x )®ip£ nd^^). Thus, similarly as Corollary ll.4.51 we obtain 
an isomorphism i*j*pr* 2 W — > H.om{j)\ll xl P*£ x ) ® End/(J r r? ) by taking the inertia fixed 
parts. 

Next, we compute the restriction L« . This is the same as computed 

in Corollary 11.4.51 Hence it is canonically isomorphic to C x ® End/(jF r? ). Hence, the 
map fll.30p induces a map 

-*C X ® End/(J^) —* Horn{p* 2 C x ,p[C x ) ® End/f^) 

of smooth sheaves. Since, this is an isomorphism at the origin, it is an isomorphism on 



®1ok x F ®ior By evaluating at the identity of we obtain an isomorphism — * L y 



»(»■) 



log 



Hom(p2JC x , P*jC x ) as required. 



2 Ramification along a divisor 

We introduce the notion of additive sheaves on vector bundles and its generalization, 
in §2.1. In §2.2, we study a global variant of the basic construction in §1.1. After 
these preliminaries, we study the ramification of smooth sheaves on the complement 
of a divisor with normal crossings along the divisor in §2.3. 

2.1 Additive sheaves on vector bundles and generalizations 

We recall the Fourier-Deligne transform |13j . Let X be a scheme over F p . Let E = 
V(£) — > X be a vector bundle of rank d and let E v = V(£ v ) — > X be the dual. The 
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canonical pairing defines a map ( , ) : E x x E v — > A 1 . We consider the diagram 

E <-^- Ex x E v A 1 

pr 2 

22 v 

where pr^ denote the projections. 

We fix a non-trivial character if) : F p — > A x and let £^ be the smooth rank 1 Artin- 
Schreier sheaf on A 1 = Spec k[t] defined by the F p -torsor A 1 — > A 1 : i i— > t v — t. For 
a sheaf Q on the dual 22 v of a vector bundle E, we define the naive Fourier transform 
F^Q) on £ by 

F^Q) = J Rpr 1! (pr^(8) ( , >*£,/,) 
For a sheaf 7i on 22, we define the inverse Fourier transform F^,{Ti) by 

F;,(ft) = f2pr 2l (pr^<g> ( , )*£ V ,0(^)N 

where ip' : ¥ p — > A x denotes the inverse of ■0. 
We have a canonical isomorphism 

(2.1) n^F^n. 

Let / : 22 — > F be a linear morphism of vector bundles over X and / v : F v — > 22 v be 
the dual. Then, we have a canonical isomorphism 

(2.2) -> F^i2/, v 

for a sheaf £ on F v . Dually, we have a canonical isomorphism 

(2.3) RUF^Q -> i^i2/ v! 

for a sheaf £ on 22 v . 

We introduce the notion of additive sheaves on vector bundles. 



Definition 2.1.1 Let E = V(£) fre a vector bundle over a scheme X over k and let 
H be a constructible sheaf on E. Let Q = F^TL be the inverse Fourier transform and 
define a constructible subset S C 22 v to be the support of Q. 

We say 71 on E is additive if, for every point x of X , the fiber S x x x is finite. For 
an additive constructible sheaf H on E, we call the support S = C 22 v of the inverse 
Fourier transform Q = F'^Ti the dual support ofH. We say an additive constuctible 
sheaf is non- degenerate if the intersection of the closure of the dual support S-h with 
the 0-section is empty. 

A constructible sheaf H on a vector bundle E is additive if and only if, for every 
geometric point x — > X, the pull-back H\e s is additive. If X = Spec F is the spectrum 
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of an algebraically closed field, a constructible sheaf TC on a vector space E is additive 
if and only if TC is a direct sum of rank 1 Artin-Schreier sheaves defined by linear forms 
by the isomorphism (12.11) . A constructible subsheaf TC' of an additive constructible 
sheaf TC is additive if it is fiberwisely smooth. 

We have the following elementary properties on additive sheaves. 

Lemma 2.1.2 1. Let f : E' — > E be a linear map of vector bundles over X and 
f v : E y — > E N be the dual. If TC is additive, then f*TC is additive and we have 
Sf*n — f y (S H ). 

Assume f : E' — > E is surjective and identify E v with the image f v (E v ) by the 
closed immersion f v : E v — > E' y . Then, conversely, if f*TC is additive, then TC is 
additive. 

2. Let f : E — > X be a vector bundle and let TC be an additive constructible sheaf. 
IfTC is non- degenerate, we have Rf*TC = Rf\TC = 0. 

Proof. 1. Clear from fl2"^|) . 

2. Clear from (jZ2D and U 

Proposition 2.1.3 Let X be a scheme over k and E — > X be a vector bundle. For a 
constructible sheaf TC on E, the following conditions are equivalent: 

(1) TC is additive. 

(2) For every geometric point i6l and for every closed point a G E s , there exists 
an isomorphism (+o)*(TC\e s ) ~^^Ae s - 

Proof. We may assume k is algebraically closed and X = Spec k. Let Q = F^TC be the 
Fourier transform and S C E v be the support of Q. A closed point a G E defines a 
linear form (a, ) : E v — > A 1 . The conditions (1) and (2) are equivalent to the following 
conditions respectively: 

(l') For every closed point a G E, the image of S by the map (a, ) : E v — > A 1 is 
finite. 

(2') For every closed point a G E, there exists an isomorphism Q ® (a, — > Q '. 

It is clear that the condition (1') implies (2'). We show (2') implies (1'). Let U C E v 
be a normal integral locally closed subscheme supported in S such that the restriction 
Q\u is locally constant. Let tc : V — > U be a connected finite etale covering such that 
ir*G\u is constant. Then, by the condition (2'), 7r*(ca, is constant on V for every 

a £ E and c G fc. Hence, the map ((a, ) o 7r)* : 7Ti(V) ab — > 7Ti(A 1 ) ab has infinite 
cokernel. Therefore the image of (a, } o tt : V — > A 1 collapses to a point. Hence the 
condition (2') implies (1'). ■ 

Proposition 2.1.4 Let X be a scheme over k and E — > X be a vector bundle. Let 
TC be an additive constructible sheaf on E and K, be a constructible sheaf on E. Let 
e G r(X,TC\o) be a section of the restriction TC\o on the 0-section X C E and u : 
TC M /C — > +*/C be a map such that the composition 

(2.4) u\ 0xE o (e ® Lc) : /C > W| ® /C > JC 
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is the identity of K,. Then K, is additive and the support Sm C E y of M. — F^KL is a 
subset of the support Sg C E y of Q — F^H. 

Proof. We regard e as a global section e 6 T(E W ,Q) = T(X,TC\o). The map u induces 
Q M A4 — ► 5*Ai on the Fourier transform and hence a bilinear map v : Q ® M. — > A4 
by adjunction. We show that the composition 

(2.5) v o (e ® 1 M ) : A* ► £ <g> A* ► Af 

is the identity of AL Let e : Ax(— c?)[— 2d] — > 7^ be the cup-product of e : A — > H\o 
with the map A x (—d)[—2d] — > A s defined by the cycle class of the 0-section X C E. 
We consider the map 

(2.6) ?io(eBl c ): A x (-d)[-2d] M K > HMJC ► +*JC. 

By the assumption that the composition of (12. 4p is the identity, the induced map 
+*(A x (-d)[-2d] MIC) = K,{-d)[-2d\ -> +, +* K = K,{-d)[-2d\ is the identity map. 
Therefore, the Fourier transform 

F^u o( e mi M ) : AMM > QMM ► 6*M. 

of (12. 6p induces the identity in (12. 5p . 

Since the composition in (12.51) is the identity of A4, the support Sm is a subset of 
the support of e G T(E W , Q). Hence we have Sm C Sg and /C is additive. ■ 

Lemma 2.1.5 Let X be a normal scheme over k and E —* X be a vector bundle. 
Let H be an additive constructible sheaf on E satisfying the following condition: There 
exists a dense open subscheme U C X such that, if j : Ejj = E x x U — > E denote 
the open immersion, the pull-back Tijj = j*7i is locally constant and that the canonical 
map H — > j*j*H is injective. Then, we have S-j-t C Sn v C E y . 

Proof. It suffices to show that, for each x 6 X\ U, we have Sn\ E C S^. By replacing 
X by the normalization of the blowing-up of X at the closure {x}, we may assume 
X)X is a discrete valuation ring. Further replacing X by the normalization in a finite 
extension of the function field, we may assume Tiu is a direct sum of rank one sheaves 
defined by the Artin-Schreier equations T p — T = f for linear forms / on Ejj. Thus, it 
is reduced to the following Lemma. 

Lemma 2.1.6 Let K be a discrete valuation field of characteristic p > and we 
consider the valuation vi of L = K(ti, . . . ,t n ) defined by the the prime ideal vcix ■ 
Ox[ti, . . . ,t n ] of the polynomial ring. Then, for a linear form f e Ktx + - ■ - + Kt n C L, 
the Artin-Schreier extension of L defined by T p — T = f is unramified with respect to 
Vl if and only if f e 0%t\ + • • • + Ojct n . 
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Proof. It suffices to show that the Artin-Schreier extension is ramified assuming i>l(/) = 
— n < 0. If p \ n, it is a totally ramified extension. If p\n, the residue field extension 
is the purely inseparable extension generated by the p-th root of the non-zero linear 
form 7f n f. ■ 
We introduce a generalization of vector bundles. 

Definition 2.1.7 Let X be a scheme and £ and £ be an invertible Ox-module and a 
locally free Ox-module of finite rank respectively and n > 1 be an integer. We call the 
vector bundloid of degree n associated to (£, C) the affine X -scheme 

E = V n (£,C) 

defined by the quasi- coherent O x -algebra ; > o S nl £ <g> C® 1 . We call E y = V n (£ v , £ v ) 
the dual of E. 

The grading defines a natural action of the multiplicative group G m on V n (£,£). 
For n — 1, we have Vi(£,£) = V(£ ® C). For m = nr, the inclusion ;>o S nrl £ <8> 
C® rl C ; > o S nl £ <g> £® 1 defines a finite surjection 

It induces an isomorphism V n (£, C)/ fi r — > V m (£,£ 0r ) with respect to the action 
restricted to the group /i r C G m of r-th roots of unity. If X is a scheme over ¥ p and if 
r is a power of p, the map n mn : V n (£,£) — > V m (£,£® r ) induces an isomorphism on 
the etale site. If C — > Ox is an isomorphism, the map 7r n i defines a finite surjection 
V(£) = Vi(5,Ox) -> V n (£,0x) -> V n (£,£). If 5 = Ox, we have V n (0x,£) = 
V(£). For a vector bundloid £ = V n (£, £), we call £ v = V„(£ v , £ v ) the dual of E. 

We call the section X — > E = V n (£, £) defined by the augmentation 0^ >o 5"^ ® 
£(g>z _^ 0-section of E. We identify X with a closed subscheme of .E by the 

0-section. On the complement E° — E \ X of the 0-section, we have a natural map 

p : E° > P(£) = Vroj{S'£) 

since P(£) is canonically identified with Vroj(@ l>0 S nl £® C® 1 ). It induces an isomor- 
phism E°/G m — > P(£). The finite map n mn : V„(£,£) — > V m (£,£® r ) is compatible 
with the map ^ : £° -> P(£). 

Lemma 2.1.8 Lei O(n) fre £/ie tautological sheaf on P(£). Then, there exists a canon- 
ical isomorphism ip*0(n) — > £ v on E°. 

Proo/. The invertible sheaf 0(n) on P(£) is the pull-back of 0{1) on P{S n £) by the 
Veronese embedding P(£) — > P(S n £). On E = V n (£,£), we have a tautological map 
p*(S n £®£) — ► Cg. On E°, this is a surjection and defines a surjection p*S n £ — > p*C y . 
Since the composition E° — > P(£) — >• P(S' n £) is defined by the surjection p*S n £ — > 
p*£ v , the assertion follows. ■ 
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Lemma 2.1.9 Let E = \ n (£,£) — > X be a vector bundloid on a scheme X over k. 
Let A4 be an invertible Ox-module and £ — > Ai® n be an isomorphism and let it : E — 
V(£®M) = Vi(£, M) — > E = V n (£,£) be the induced map. Let g : E° = E\X -> E 
and g : E° = E \ X —>■ E be the open immersions of the complements of the O-section 
and 7T° : E° — > E° be the restriction ofir:E-^E. We consider the following condition 
on a constructible sheaf TC on E: 

(P) The canonical map TC — > g*g*TC is an isomorphism and the sheaf g*7i°*g*TC on 
E is additive. 

1. Let M! be another invertible Ox -module and £ — > J\4'® n be an isomorphism. 
We define n' : E' — > E etc. as above. Then the condition (P) for 7i with respect to 
tt : E — > E is equivalent to that for n' : E' — > E. 

Assume Ti satisfies the equivalent conditions and put Ti = g^ Q *g*l-L on E and 
U' = g'y°*g'*H on E' . Then S n C E v and S^, C E N have the same images in E v . 

2. Let n' be the prime-to-p part of n and assume that k contains a primitive n'-th 
root ofl. We consider the natural action of G = fi n > on E over E. Then, the condition 
(P) for Ti is equivalent to the following condition: 

(P') There exist an additive constructible sheaf Ti on E with an action of G and an 
isomorphism H —> (7r*'H) G . 

Proof. 1. The assertion is flat local on X. Hence, we may assume there exists an 
isomorphism M — » M! compatible with C —>■ M® n and C — > M.'® n . Then the 
assertion is clear. 

2. On the restriction on E°, the canonical map g*TC — > (7r°7r°* g*7i.) G to the G-fixed 
part is an isomorphism. Hence, it induces an isomorphism 

(2.7) gmS m - ( g yy*g*nf - y~ g y* g *n) G . 

(P)=>(P ; ) We put Ti = gy*g*7i. Then, if the canonical map Ti — > g*g*H is an 
isomorphism, we obtain an isomorphism 7i — > (n^Ti.) by the isomorphism (12.71) . 

(P')=^(P). Let 7i — > (7r*7i) G be an isomorphism. Then, it induces an isomorphism 
TT°*g*7i — > g*7i compatible with the G-action. Since Ti is additive, the canonical 
map Ti — > g*g*H. is an isomorphism by [5] Proposition 3.2. Hence the isomorphism 
ir°*g*H — > ^*7i is extended to an isomorphism g*Tr°* g*H^-> H and g*7r *g*H is additive. 
By the isomorphism (12.71) . the isomorphism 7i — > (ir^H.) implies that the canonical 
map Tt — > g*g*H is an isomorphism. ■ 

We generalize the notion of additive sheaves on vector bundloids. 

Definition 2.1.10 Let E = \~ n (£,£) — > X be a vector bundloid of degree n over a 
scheme X over k. We say a constructible sheaf Ti on E is potentially additive if it 
satisfies the condition (P) in Lemma \2.1. 91 Zariski locally on X. 

Let Ti, be a potentially additive constructible sheaf on E. Then, we define a con- 
structible subset S-h of the dual E v as the image of in the notation of Lemma 12. 1.91 2 
Zariski locally on X and call Sy_ the dual support of TC. We say a potentially additive 
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constructible sheaf Tt on E is non-degenerate if the intersection of Sn C E v with the 
O-section is empty. 

Lemma 2.1.11 Let p : E = \~ n (£,£) — > X be a vector bundloid of degree n over a 
scheme X over k. Let 7i be a potentially additive constructible Qe-sheaf on E. If it is 
non-degenerate, then we have Rp(ri = Rp^H = 0. 

Proof. Since the assertion is Zariski local on X, we may use the notation in Lemma 
12.1.91 Let p : E — > X denote the structural map. Since TC is assumed non-degenerate, 
we have Rp{H = Rp*H = by Lemma 12.1.21 2. Therefore, Rp\H = (Rp\?i) G and 
RpM = (RpM) G are 0. ■ 

2.2 Global basic construction 

We study the basic construction in §1.1 in a global setting. Let X be a smooth scheme 
over k, D be a divisor with simple normal crossings and j : U = X \ D ^ X be the 
open immersion of the complement. Let p : P — > X be a smooth morphism of relative 
dimension d and s : X — > P be a section. By the section s, we regard X as a closed 
subscheme of P. 

Let Di, . . . , D m be the irreducible components of D. We consider an effective divisor 
R = r±Di + • • • + r m D m with rational coefficients r±, . . . , r m > 0. For an integer / > 0, 
let [IR] denote the integral part of IR and 1[ir\ C Ox be the ideal sheaf of the effective 
divisor [IR]. Let l x C Cp be the ideal sheaf oflcP and jp : P\j = P x x U — > P be 
the open immersion. We define an affine P-scheme g : P^ — > P by the quasi-coherent 
Op-algebra 

(2-8) ^J^-J^Cjp^p,. 

l>0 

Let : P^ — » X be the canonical map and : X — > P^ be the section induced 
by s : X — > P. We also regard D C X as closed subschemes of P^ by the section 

8 (R) m 

Here is an alternative construction of q : P^ — > P. Let n > be an integer such 
that M = nR has integral coefficients. Let q : p[ M / n l -> P be the blow-up by the 
ideal p*X M + I x C Op and p( M / n ) c p! M / n l be the complement of the support of 
q*(p*l M +l x )/q*p*l M - The morphism p( M /«) -> P is affine and P (M/n) is defined by 
the quasi-coherent sub Op-algebra Op\p*X^l ■ X x ] C jp^Op u . Then, P^ is identified 
with the normalization of p( M / n \ 

We put I + = < i < m, > 0} and P + = X/ie/+ We describe the structure 
of the inverse image E + = P^ P + in terms of vector bundloids introduced in the 
previous subsection. 

Lemma 2.2.1 Let P 1; . . . , D m be the irreducible components of D and put I + = {i\l < 
i < m, T{ > 0}. 
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1. Let I C I + be a non-empty subset and nj > 1 be the minimum integer such 
that the coefficients in njR of Di are integers for all i G I. Let Dj be the intersection 
P| i6j A and put D°j = Dj \ U ie/+V (A n D T ). 

Then, there exists a canonical isomorphism 

E° z = (P( R ) x x Dj) Ied > V ni (Af x/P ,0( ni R)) x x DJ 

over D°j. The restriction Dj — > Ef of the section s^ R ' : X — > p( R ' corresponds to the 
O-section of the right hand side. 

2. Let R* = X x P (P( R ) \ X) be the inverse image of X = s(X) C P by the 
restriction of the canonical map q : P^ R > — > P on the complement P^ \ X of the 
section s^ R \ Then R* is a divisor of P^ \ X and satisfies R* = p^*R. 

3. Assume the coefficients of R are integers. Then, the map p^ : P^ — > P 
is smooth. The inverse image E + = p( R ) x x D + of D + = ^2 ieI + Di is canonically 
isomorphic to the vector bundle "V{M X /p ® 0(R)) x x D + . 

Proof. 1. We may assume I = I + . By the definition (12. 8p of P^ R \ we have a surjection 

(0(lR) ® SW X/P ) ® 0x D o - E o. 

i>0,n/|« 

Namely, we have a closed immersion Ej — > V nz (A/x/p, 0(njR)) x x DJ. We show this 
is an isomorphism. Since the question is etale local on P, we may assume P = V(£) 
is a vector bundle defined by a locally free 0x- m odule £ of rank d and s : X — > P 
is the O-section. Then P^ is the affine scheme over X defined by the Ox-algebra 
;>o S l £ ® 0([lR\). Hence the assertion follows. 

2. Let n > be an integer such that M = nR has integral coefficients. Since 
the question is local on P, we may assume the ideal l x C Op is generated by d 
sections ei, . . . , and I n p has a basis /. Then, on the open subscheme of P^ where 
fi = Z _1 e™ is invertible, the pull-back of the ideal T x = (ei, . . . , e^) is generated by e, 
since ej = ■ / _1 eje™ _1 //j. Since the support of the closed subscheme of P^ defined 
by the ideal (fi, . . . , fd) is s^ R \X), the assertion follows. 

3. We show that the scheme is smooth over X. Since the question is etale 
local on P, we may assume P = V(£) is a vector bundle defined by a locally free 
Ox-module £ of rank d and s : X — > P is the O-section as in the proof of 1. Then P^ R > 
is the vector bundle V(£ ® O(P)) and the assertion follows. 

Similarly as in the proof of 1, we obtain a closed immersion E + = E x x D + — > 
V(A/x/p ® C(-R)) x x -D + and we see that this is an isomorphism. ■ 
We have the following functoriality of the construction of P( R >. 

Lemma 2.2.2 We consider a commutative diagram 

y — q — y 

/ 

X — P — -^-> X 
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of smooth schemes over k. We assume that s : X — > P and t : Y — ► Q are sections 
of smooth maps p : P — ► X and g : Q — > V respectively. Let D be a divisor of X 
with simple normal crossings. Assume that the divisor D Y = (D x x Y) TC ^ has simple 
normal crossings. Let R = £\ r^Di > be an effective divisor with rational coefficients 
7"j > and let R Y = f*R be the pull-back. 

1. There exists a unique map g 

(R) . q(Ry) _^ P (R) nft ing g . Q^p. 

2. Suppose that the coefficients of R are integral. Let D + and Dy be the supports of 
R and of R Y respectively. We identify E + = pW x x D + with V(N x / P ®0(R)) x x D + 
and E+ = x Y D+ with V(Ay /Q ® 0{R Y )) x Y D+ as in Lemma [2.2.11 1. Then 
the restriction 

E+ = V(A/y/g <g> 0{R Y )) x y D+ ► E + = V{N x /p ® 0{R)) x x D + 

°f 9 '■ Q( Ryr ^ — > P( R ' is the linear map of vector bundles induced by the canonical 
map f*N x/P — > A/y/g. 

3. Suppose further that f : Y — > X is the identity of X and g : Q — > P is smooth. 
Then the induced map g( R > : Q( Ry ^ — > is smooth. 

Proof. 1. We have g*T x C I Y since the left square is commutative. By the inequalities 
g*[lR] < [IR Y ] < lg*R, we have g*l^ } C Zj£ y] . Hence we have g*{X-^ ] -X l x ) C 2j^ y] -2y 
and the assertion follows from the definition of Q^ Ry \ 

2. The restriction Ey — > P + is induced by the linear map g* : X^ 1 ■ T x — ► Z^ y • Xy 
and the assertion follows. 

3. On the complements of the inverse images of D + , the maps 

p(R) p anc i 

— > Q are isomorphisms. Hence, the assumption that / : Q — > P is smooth 
implies that the restriction on the complements of the inverse images of D + is smooth. 
Since pW -> X and -> X are smooth, it suffices to show that the induced map 
E+' = x x D + -> E + = PW x x D + is smooth. 

By 2, it is identified with the map Y(M x/Q ®0(R)) x x D + -> V(./vx/p® C(-R)) x x 
P + of vector bundles induced by the canonical map f*M x /p — > Mx/q- Since Q ^ P 
is assumed smooth, the map f*Mx/p —* Nx/q is a locally splitting injection and the 
map V{M X /q ® ^(i?)) x x P>+ -> V(W x /p ® £>(P)) x x P>+ is smooth. ■ 

Corollary 2.2.3 Let P and Q be smooth schemes over X and s : X — > P and i : 

X — > Q be sections. Similarly as P^ and Q^ R \ we define (P x x Q)^ by the section 
(s,t):X^Px x Q. 

Assume the coefficients of R are integers. Then the maps (P Xx Qp R ^ — > P^ and 
(P Xx Q)( R ) — > induces an isomorphism 

(2.9) (P x x g)( R ) ► x x QW. 

Proof. The ideal defining the closed subscheme X C P x x Q is generated by the 
pull-backs of those defining X C P and X C Q. Hence the map (I2.9p is a closed 
immersion. Since the both schemes (P x x Qp R > and p( R ) are smooth of the 
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same dimension over X, the closed immersion (12.91) is an open immersion. By Lemma 
12.2.11 3. it induces an isomorphism on the fibers over D + . Hence the assertion follows. 
■ 

We establish some cohomological properties of P( R \ 

Proposition 2.2.4 1. The cycle class defines an isomorphism 

(2.10) Qi(d)[2d] ► RpWQt. 

2. Define the cycle class [X] G H x d (P^ R \ Qe(d)) to be the inverse image of 1 G 
H°(X,Qi) = H^(P( R \ RpW l Q e ) by the isomorphism d2~T0|) . Then, for the pull-back 
S (R)*[X] = (X,X) P( R) G H 2d (X,Q e (d)), we have 



(2.11) 
(2.12) 



(x,x) pm = (x,x) P -(c(Ar x/P yn(i + R)- 1 r\[R]) 



deg d 



-i) d (c d (M x/P ) + {c{N x/ p) n (l - R)- 1 n [R]) degd . 



Proof. 1. Since the question is etale local, we may assume there exists a smooth map 
X — > A™ such that D is the inverse image of the union of coordinate hyperplanes. Let 
ni, ... , n m > be integers and let 7r : X = X Xa™ A™ — > X be the base change by the 

map A™ — > A™ defined by U h-> t"\ We put P = P x x X and R = n*R. We consider 
the commutative diagram 



p(R) 



(2.13) 



„(«) 



p(K) 



X. 



The map : F 5 ' — > X is smooth if nirx, . . . , n m r m are integers by Lemma f2. 2. 11 Let 
n' x , . . . , n' m be the prime-to-p parts of n 1; . . . , n m and put G = x • • • x /i^. Then, 

we have a natural action of G on P( R ). The induced map P^/G — > P( R ' defines an 
isomorphism on the etale sites. 

We put Kp iR) = RpW-Qe and K p(R) = #(p (R) o 7r)'Q^. The trace map 7r\7c*]Cp(R) = 
7T*7r*/C F (H) — > JC P (r) defines its adjoints Ti*fC P (R) — > n-fC P ( R ) 
7r*^Cp(H)- We also have the adjunction map 7i*)Cp {R) = 7ri7r ! /C 



p(R). 



The com- 



position K,p(R) — > n^JCp^ — > /Cp(fl) is the multipication by the degree [P^ : p( R )]. 
Hence /C P (k) is a direct summand of the G-fixed part (n^JCp^ 
We consider the commutative diagram 

Q*(d)[2d] ► /C P( «) 



(7r,Q/(d)[2d]) 



G* 



where the horizontal arrows are defined by the cycle classes. Since P^ is smooth over 
k, the lower horizontal arrow is an isomorphism. Since the left vertical arrow is an 
isomorphism, (n^JCp^) is a direct summand of JC P (r). Thus the assertion is proved. 
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2. First, we reduce it to the case where P is a vector bundle over X and s : X — ► P 
is the 0-section, by the deformation to the normal bundle. We put X = X x A 1 and 
D = DxA 1 . Let P be the blow-up of P x A 1 at X x {0} and P C P be the complement 
of the proper transform of P x {0}. Then, the map p : P — > X is smooth. We consider 
the cartesian diagram 

V ► P < P xG m 



v 

X > X < X x 



pxid 



{0} ► A 1 < G m 

where V = ~V(Afx/p) denotes the normal bundle. 

The section s : X — > P induces a section s : X —> P. By applying the construction, 
we define p^ : P^ — > X and its section s' fl ' : X — > P( R \ By the standard argument, 
the assertion for (X, V) is equivalent to that for (X, P) and implies that for (X, P). 
Thus we may assume P is a vector bundle over X and s : X — > P is the 0-section. 

Let q : P*^ — > P denote the canonical map. It suffices to show the equality 

[s iR \x)} = q *[s(x)] - p^>{{c{U X /pT n (l + P)" 1 n [P]) degrf 



(p( R \ Qi(d)). For a closed subscheme F of P^, let P° denote the com- 
plement F \ (F n P + ). Let P* be the divisor of P {R) \ X defined in Lemma I2XT1 2. 



Then, we have g- 1 (s(X)) = s^(X) U P and s^(X) n P = D 



^ H^ R){x)n -^ R \Q e (d)) 

restriction map 



tt2(1 

h d+ 



(X,s 



(«)! 



Hence, by 1, we 
= 0. Thus, the 



H 2 q d - Hs(x)) (P {R) ,Qi(d)) 



P| d (P^°,Q £ (rf))©P^(P^ ,Q,( C /)) 



is an injection. Therefore, it suffices to show that the components of the restriction of 
q*[s(X)} are [s^(X)°] and p {R) *(c(Af x /p)* D (1 + P)" 1 fl [P]) d e g d respectively. 

This is clear for the first component [s^(X)°]. By the excess intersection formula, 
the second component is (c(J\f x /p)* H c(J\f R * /p(H)o)* -1 fl [P*])de g d- Hence, the assertion 
follows by Lemma 12.2.11 2. ■ 



2.3 Ramification along a divisor 

We globalize the constructions in §§1.1 and 1.2 and the computations in §1.4. Let X 
be a smooth scheme of dimension d over k and D be a divisor with simple normal 
crossings. Let Pi, ... , D m be the irreducible components of D. We put U = X \ D 
and let j : U — > X denote the open immersion. 

We define the log blow up (X x X)' — ► X x X to be the blow-up at D x x D x , D 2 x 
D 2 ,. . . ,D m x D m . Namely the blow-up by the product j£, lXjDl • X DaxD2 • • -l Dm><Dm C 
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Oxxx of ideal sheaves. We define the log product (X x X)~ C (X x X)' to be 
the complement of the proper transforms of D x X and X x D. The diagonal map 
I^IxI induces a closed immersion 5 : X — > (X x X)~ C (X x X)' called the 
log diagonal map. The scheme (X x X)~ is afline over X x X and is defined by the 
quasi-coherent Oxxx-algebra 

X xx[w1^d] ■ w\ z Do P r i J A ■ prj^A 1 ; i = 1, . . . ,m] C j*0 UxU 

where j x :U xU ^ X x X is the open immersion. The projections pi,P2 '■ {X x X)~ — > 
X are smooth. The conormal sheaf A/x/(Xx x)~ is canonically identified with the locally 
free Ox-module Q x (\ogD) of rank d. 

Let .R = riZ^i + • • • + r m D m be an effective divisor with rational coefficients 
r ii ■ ■ ■ , r m > 0. We apply the construction of §2.1 to the smooth map pi '■ P = (X x 
X)~ -> X and its section <5 : X -> (X x X)~. Then, we obtain P( R ) = (X x X)^ -> X 
and its section 5^ : X — > (X x X)^* 1 . Thus, we have constructed a diagram 



X x X 



(X x X)' 



(X x xy 



(X x X) 



[R] 



(X x X) 



(R) 



where the vertical arrows are open immersions. For R = 0, we have (X x X)^ 
(X x X)~. 

We consider the cartesian diagram 



U xU 

Su 

U 



(X x X)^ 
X 



where the horizontal arrows are open immersions and the vertical arrows are the diag- 
onal immersions. 



Definition 2.3.1 Let J 7 be a smooth sheaf on U = X\D . We define a smooth sheaf Ti, 
on U x U by TC = TCom^prlJ 7 , prJjF). Let R = £\ r^Di > be an effective divisor with 
rational coefficients and we consider the open immersion : U x U — ► (X x X)^. 
We identify 5{jH = £nd(!F) and regard the identity id^- e End{/(JF) as a section of 
T(U,£nd(F)) = T(X,j*£nd(F)) = r{XJ^H). 

We say that the log ramification of T along D is bounded by R+ if the identity 
idjr g Endjj(J-) = T (X , j ^S^Ti.) is in the image of the base change map 

(2.14) r(X,6( R >ji R) H) ► T(X,jJ* u H)=End u (F). 

We compare Definition 12.3.11 with Definition 11.4.11 
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Lemma 2.3.2 Let T be a smooth sheaf on U — X \ D and let R = Yli r i-Di > 
be an effective divisor with rational coefficients. We consider the smooth sheaf TC = 
Hom(pr* 2 F, pr*.F) on U x U C (X x X)( R \ 

1. We consider the following conditions: 

(1) The log ramification of JF along D is bounded by R+. 

(2) For every irreducible componenent Di of D, the log ramification of T along D 
is bounded by rj+ at the generic point of Di. 

(3) There exists an open subscheme I'd such that X' D U , that D' = X' (1 D 
is dense in D and that the base change map 

s^*ji R) n ► jJtjH 

is an isomorphism on D' . 

(4) The base change map 

5 {R)*jf) H „ jJ* uH 

is an isomorphism. 

Then, we have implications (4) =^ (1) =^ (2) =^ (3). 

2. Let Di be a component of D satisfying rj > and let Ei = (X x X)^ x x D^ be 

the inverse image. Then, the vanishing J r f j i K ' los = implies j*H\Ei = 0. 

Proof. 1. The implication (1) =>■ (2) follows from Corollary 11.4.41 (3) =^ (1). The 
implication (2) =>■ (3) follows from Corollary fl~4~4l (l) =^ (2). The implication (4) (1) 
is obvious. 

2. Let £j be the generic point of Di. It suffices to show , = 0. Hence, it 

follows from Corollary 11.4.41 ■ 

The author does not know a counterexample for the implication (1) =^ (4). The 
conditions (1) to (4) are equivalent, if the rank of T is 1. 

In the tamely ramified case, we have the following equivalence for R = 0. 

Corollary 2.3.3 The following conditions are equivalent: 

(1) The log ramification of T along D is bounded by 0+. 

(2) T is tamely ramified along D . 

(3) The base change map 

VUH ► jJ^H 

is an isomorphism on D. 

Proof. By Lemma [2.3.21 (1)=S>(2), the condition (1) implies (2). 

Assume JF is tamely ramified along D. Then 7i on U x U is tamely ramified along 
(X x -X")~\ (U xU). Hence, etale locally on (X x it is isomorphic to the pull-back 
of a sheaf on U with respect to the projection (X x X)~ — > X. Since the projection is 
smooth, the condition (3) is satisfied. 

It is clear that (3) implies (1). ■ 

We have the following stability under the pull-back. 
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Lemma 2.3.4 Let Y be a smooth scheme over k and f :Y —> X be a morphism over 
k. Assume that the reduced inverse image Dy = (D x x Y) TC ^ is a divisor with simple 
normal crossings and let Ry be the pull-back f*R. 

Let T be a smooth sheaf on U — X \ D and Ty be the pull-back to V = U x x Y = 
Y\Dy. If the log ramification of T is bounded by R+, then the log ramification of Ty 
is bounded by Ry+. 

Proof. We show that the map fxf: YxY^XxX is lifted to (/ x /)(*) : 
(Y x Y)( Ry ' — > (X x X)( R \ For each irreducible component Di of D, the pull-backs 
of p^-Dj and pr 2 .Dj are equal on the log product (Y x K)~. Hence, the map / x / : 
YxY^XxX is uniquely lifted to (/ x /)~ : (Y x Y)~ -> (X x X)~. This is 
uniquely lifted to (Y x -> (X x X)W by Lemma Iffll. 

Let :[/xC/^(Ix X)^ and ] {Ry) : V x V -> (F x K)^ be the open 
immersions and /p- : V — > £7 be the restriction of / : Y — > X. We put Ty = fjjT, 
Tt = Horn (pr % T, prj T) and Ti' = l-Lom^x^Ty ^x\Ty) . Then, the base change map 
(/ x fY R ^*j* R ^ ~> j* RY \fu x fu)* defines a commutative diagram 

r(X,8( R >ji R) H) ► Endc/^) 

r(Y,S( RY >ji RY) H') ► Endy(Tv) 

By the assumption that the log ramification of T is bounded by R+, the identity of T 
is in the image of the upper horizontal arrow. Hence, the identity of Ty is in the image 
of the lower horizontal arrow and the log ramification of Ty is bounded by Ry+. ■ 
We consider the restrictions of T on smooth curves in X and compare them. 

Proposition 2.3.5 Let T be a smooth sheaf on U — X \ D such that the log ramifi- 
cation of T is bounded by R+. Let C and C be smooth curves in X and x be a closed 
point in C R C fl D . We assume that C C\U and C ClU are not empty and let Tc and 
Tc> denote the restrictions of T on C HU and C fl U respectively. Assume that the 
following conditions are satisfied: 

(1) For every irreducible component Di of D, we have (C,Di) x = (C',Di) x . 

(2) length.CW,* >(C,R + D) x . 

Then, Stale locally at x, there exist an isomorphism f : C — *■ C and an isomorphism 
f*T\ c > - T\ c . 

Proof. It suffices to consider the case C ^ C . Since the assertion is etale local, we 
may assume CnD = C'nD = CnC' = {x} set theoretically and the residue field 
of x is k. We put n = lengthy Ocnc,x- Take an isomorphism k[t]/(t n ) — > OcnC,x an d 
lift it to etale morphisms C — ► A-J. and C — > A.\. Since the assertion is etale local, we 
may assume there exists an isomorphism / : C — *■ C inducing the identity on C fl C . 
We consider the graph of / 

g=(l,f):C > C x O C X x X. 
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The intersection with the diagonal defines an isomorphism Cx XxX X — ► (C xC') Xx xX 
= C fl C since / : C — > C induces the identity on C fl C . By the assumption (1), the 
immersion g : C — > X x X is uniquely lifted to an immersion g : C — > (X x X)~ to 
the log product. We put C n log C" = C x (XxX) ~ IcCnC. We show 

(2.15) lengthy Cn ^c,x = ^ngth x O Cn c,x ~ (C, D) x . 

Let X x C Oxxx and J7x C 0(xxx)~ be the ideal sheaves of I C I x I and of 
X C (X x X)' respectively and let T E C CVxxx)~ be the ideal sheaves of E — p*D. 
Then, we have IxO(j x x)~ = J7x • 1e- By pulling back it by g, we obtain the equality 

i35]). 

By the assumption (2) and by (I2.15p . we have \ength x Ocx {XxX) ~x,x > (C,R) X . In 
other word, we have inclusions J x Oq C X^jCc for every integer / > 0. Hence the 
immersion g : C (X x X)~ is further lifted to h : C — > (X x X)( R '. We consider a 
cartesian diagram 

cn(/ -^u uxu 



Jc 



C — ^ (X x X)( R ) 
where the vertical arrows are open immersions. We also consider the base change maps 

(2.1b) 

5 (R)*j( R ) n > jJZ I H = j*£nd(F). 

Let A' denote the fraction field of the henselization Oo, x and let fj denote the geomet- 
ric point of C defined by an algebraic closure K of K. Let Gk be the absolute Galois 
group Gal(X/X). By the assumption that the log ramification is bounded by R+, 
we have a unique element e in T(x, (S^*jiTi.)\ x ) = T(x, (h*j*Ti)\ x ) whose image in 
T(x, (J*Snd(J 7 ))\ x ) is the identity of T^- The image of e in T(x, {jc*Hom{f* Tc , ^Fc))\x) 
defines a G^-homomorphism cp : J-'ftfj) ~^ Ffj- Switching the two factors, we obtain 
a Gx-homomorphism ip : JF^ — > TfOq). Since the construction is compatible with the 
composition, the maps ip and ip are the inverse of each other. ■ 

We study the higher direct image R q ji R ^H. We put I + = < i < m, ri > 0} and 
D + = [j ieI + Di. First, we consider the case where the coefficients of R = J2i r iDi are 
integers. If R is integral, the inverse image E + = (X x Xp R ' D + is identified with 
a vector bundle V(Q x (\ogD)(R)) x x D + over D + by Lemma [2.2.11 3. We prepare a 
global analogue of Lemma 11.4.61 

Lemma 2.3.6 Assume R is integral. 

1. We identify the fiber product (X x X) x^ (X x X) with respect to the second 
and the first projections Ixl-tl with X x X x X. Then, there exists a smooth 
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map /i : (I x I)'"' x x (X x X)^ — > (X x X)* 7 ^ i/ia£ makes the diagram 
(X x x x (X x X)W — *U (X x X)W 



(X x X) x x (X x X) = X x X x X X x X 

commutative. 

2. Let D + be the support of R and we identify E + = (X x X)^ x x D + with the 
vector bundle V(fi x (logP) <g> 0{R)) Xx P + as above. The restriction of fi defines the 
addition E + x D + P+ -> E + of the vector bundle E + = V(tt x (\og P)(P)) x x D+. 

Proof. 1. Let P = (X x X)~ x x (X x X)~ be the fiber product with respect to the 
second and the first projections (X x X)~ — > X. We define P^' — > P by applying 
the constuction in §2.2 to the smooth map P = (X x X)~ x x (X x X)~ — > X and 
the diagonal section X — ► P. The projections P — > (X x X)~ induce an isomorphism 
p(R) _> (X x X)^) x x (X x X)( R ) by Corollary EJLl 

On P = (X x X)~ Xx (X x X)~, the pull-backs of pr*Pj and prjljPj are equal for 
each component Pj of P. Hence the map pr 13 : (X x X) (X x X) — > X x X is 
lifted to P = (X x X)~ x x (X x X)~ —> (X x X)~. This is uniquely lifted to a smooth 
map P( R ) (X x X)( R ) by Lemma [223 

2. The restriction P + x D + E + — > P + is a linear map of vector bundles by Lemma 
12.2.21 2. Hence, it suffices to show that the compositions with the injections ii,i2 '■ 
E + — > E + x D + E + of the two factors are the identity of E + . We consider the map 
Lx : (X x X)W (Xx X)W x x (X x X)( fl ) defined by the identity of (X x X)^ and 

opr 2 . Then, its restriction E + -> P+ x D +P + is the injection of the first factor. Since 
the composition juo^ is the identity, the composition fioii : E + — ► P + x £>+ P + — ► P + 
is the identity. Similarly, by considering the map L% : (X x X)^ — > (X x X)( R ' x x 
(X x X)^ defined by 6^ R ' o pr x and the identity of (X x X)( R \ we see that fj, o i 2 is 
the identity. Hence the assertion follows. ■ 

Proposition 2.3.7 Let X be a smooth scheme over k and J 1 be a smooth sheaf on the 
complement U = X\D of a divisor with simple normal crossings. Let R = r iDi > 
be an effective divisor with integral coefficients T{ > 0. Assume that the log ramification 
of J 7 is bounded by R+. We put D+ = \J i:r . >0 A and E + = V(fi x (logP) cg> 0{R)) x x 
D + . Let p R > : U x U — > (X x Xp R ' be the open immersion. 

1. For every integer q > 0, the restriction of R q ji R " > Ti. on E + is additive. 

2. Let S q C P +v = V(fi x (logP) v ® 0(-R)) x x P+ be the dual support of 
R q j {R) H\ E+ . Then, we have S q C S°. 

3. Let Di be an irreducible component Di of P + and be the generic point. Then, 
the intersection S° H P 4 V is a subset of the closure S®. of the generic fiber. 

Proof. Since // : (X x X)^ x x (X x X)^ -> (X x X) (R ^ is smooth, the base 
change map fj,*Rjl R) H -> Rja*pT* 13 H is an isomorphism, where j% : U x U x U — > 
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(X x X)^ x x (X x X)( R ) denotes the open immersion. Hence, the composition 
HMH = ftom(pr*.F,pr£.F)®Wom(pr*.F,pr*.F) -> ftom(pr*.F, pr*.F) = pr* 3 ft induces 

(2.17) B Rj {R) H > RjtWls'H = n*R]i R) H. 

Let x be an arbitrary geometric point of D + . We show that the restriction of 
R q ji Tt on the fiber satisfies the condition (2) in Proposition 12. 1.31 By the as- 
sumption that the log ramification of T is bounded by R+, we have a unique sec- 
tion e E r(X,5^)*jP ?) H) lifting the identity id^ e T(X,j^H). Take an etale 
neighborhood V — > (X x X)^ of x and a section e G T(V,ji R ^Tt) whose stalk in 

(ji R) H) £ = {8 {R) *& R) H) £ is the stalk of e above. 

Since e is a lifting of the identity, the pairing (12.171) with the restriction of e is an 
isomorphism pr^H — > pr^H on (U x U) x x ((U xU) Xt X xX)( R ) V)- Hence, the pairing 
(127171) with e defines an isomorphism ^x\Rji R) H -> /j,*Rj {R) H on (X x X)^ x x 
V. Thus, for a closed point a G £ s in the image of V x x x — > (X x X)^ 
x = the restriction Rji R ^l-L\ Es: is isomorphic to the translate (+a)*(i2,7*' R ^|_B s ). 
Since is generated by the image of V x x x, there is an isomorphism Rji H\e s ~^ 
{+a)*{Rji R ^7i\ E -) for every closed point a e E s . Thus the sheaf R q ji R ' > 'H\E s , satisfies 
the condition (2) in Proposition 12.1.31 and hence is additive for every q > 0. 

2. It suffices to apply Proposition [2X1 to j {R) H M R q j {R) H -> fi*R q j {R) H. 

3. It follows immediately from Lemma [2. 1.51 ■ 
We consider the general case. For a non-empty subset / C I + , we put .D/ = 

P) i6/ Dj and DJ — Dj\ Uie/+u(-^i ^ -^f)- Recall that rij denotes the denominator of 
7*j = mi/rii and n/ is the least common multiple of rij for i E I. The inverse image 
£| = ((X x X)( R ) x x D°j) ved is identified with V„ r (fi^(logD), 0(mR)) x x DJ by 
Lemma EXUl. 

Proposition 2.3.8 Let the notation be as in Proposition 12.3.71 except that we do not 
assume the coefficients of R are integers. Assume that the log ramification of T is 
bounded by R+. Let I C I + = < i < m, > 0} be a non-empty subset and 
EJ = V ni (0^-(logD), 0(njR)) x x DJ be the reduced inverse image. 

( Ft) 

1. For every integer q > 0, the restriction of R q jl TL on EJ is potentially additive. 

2. Let S q C EJ V = V n/ (^(logD) v ,C(-n /J R)) x x DJ be the dual support of 

(R q ji R) H)\ E °- Then, we have S q C S^. 

3. For i G I, let £j be the generic point of the irreducible component D t and 
Fi = be the function field of Di. We consider the canonical map E^ x D . DJ = 
V ni (^(log J D) v ,0(- ni R))x x DJ - Ef = Vn 1 (n x (\ogDy,0(-n I R))x x DJ. 1 Then, 

is a subset of the image of the intersection Sf^. x Q i DJ C EY x D . DJ of the closure 
of the generic fiber. 

Proof. 1. By replacing X by X \ D iy we may assume I + — I, Ej — EJ and 

n = nj. Since the assertion is Zariski local, we may take a smooth map X — > A = 
A m = Spec k[Ti, . . . ,T m ] such that D is the inverse image of the union of coordinate 
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.,T m ,Uf\...,U± l ] and A = 
A' by Ti i — > UiS?. We consider 



hyperplanes. We put A' = A m x G™ = Spec k[Ti 
Spec k[Si, . . . , S m , Ui, . . . , U^ 1 } and define a map A 
the base change X <— X' <<— X of A <— A' <— A. 

We define schemes (X x X')~ and (X x X)~ by the cartesian diagram 



(X x X)' 



P2 



X 



(X x X') 



X' 



(x x xy 



X 



and consider the sections X' — > (X x X')~ and X — > (X x X)~ induced by the log 
diagonal X -> (X x X)~. The map X -> X induces (X x X)~ -»• (X x X)~^ By 
applying the construction in §2.2 to the pull-backs R! and R of 7? to X' and to X, we 
obtain the commutative diagram 



(2.18) 



(X x X) 



X 



(B) 



f 



(X x 



X' 



(X x X) 



X. 



(B) 



(X x X) 



(B) 



Since X' — > X is smooth, the left square of (I2.18P is cartesian and the horizontal 
arrow / : (X x X') (/?,) -> (X x X)( K ) is smooth. Since R has integral coefficients, 
the right vertical arrow p : (X x X)^ — > X is smooth. We show that the map 
/i : (X x X) (i?) -»• (X x X) (/?) is smooth. By Lemma[2ZL23, it suffices to show that the 
map (XxX)~ — > (XxX)~ is smooth. Thus, it is reduced to showing that the map (Ax 
AY -> (Axl)~ is smooth. Since the map (AxA)~ = Spec k[S h Uf 1 , S' i7 V+ 1 (i = 
l r ..,m)]/(SJ-^ (i = l,...,m)) = Spec fe^t^ 1 ,^ 1 ,!^ 1 (i = 1, . . . , m)] -> 



(A x = Spec k[Ti, £7- , W % 



r±l 



SpecA;[S{,£7f\W, 



r±l 



(z = l,...,m)) 



1, . . . , m)] is defined by W% \— > V^lH-fUi, it is smooth. 



We put £7' = 17 x_)f X' and £7 = £7 X and consider the diagram 



(X x X) 



(B) 



£7 x £7 



(X x X') (iJ,) 



,-(«)' 



£7 x £7' 



(X x X) 



(B) 



£7 x £7 



(X x X) 



(B) 



£7 x £7. 



where the vertical arrows are open immersions. We consider the pull-backs Ti', Ti~ 
and Ti of Ti respectively on £7 x £7', £7 x £7 and on £7 x £7. 

Since i? is integral, the restriction of R q ji Ti on i? + is additive by Proposition 
12.3.71 for every q > 0. Since ft, is smooth, the base change map h*R q ji R ^Ti~ — ► 
is an isomorphism. The conormal sheaves J^'x/(xxX)~ anc ^ ^i/(ixi)~ are 
canonically identified with f2^(log.D) ® and with £T~(log.D) respectively. Since 
the map fi^(logi^) ® — > JT~(logZ)) is a locally splitting injection, the restriction 
of R q ji R) ~H~ is additive by Lemma ED 
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( R 1/ 

To study the restriction of R q jl H , we introduce some notations. For i e /, let 
D[ C X' be the inverse image of Di and A be the divisor defined by Si. We put 
D'j = f) i£l D't and Dj = f] ieI D{. The natural map Di — > D\ is an isomorphism. Let 
Ej C (X x X')( R ') and C (X x be the reduced inverse images of D\ and of 

Dj. Recall n = rij is the least common multiple of the denominators rii for i £ I. By 
Lemma 12.2.11 1. we have a canonical isomorphism E\ — + V n (Q x (log D),0(—nR'))E>> i 

and Ei -> Vi(Q^(logD), 0(-R)) 5 . The natural map ttj : Ei —* E\ is then identified 

with the canonical map vr n : V 1 (^(logD), C?(-E)) D j -> V n (^(logD), 

Let n- be the prime-to-p part of rij and n' be the prime-to-p part of n = rtj. We 
consider the natural action of G = Yl i€l /V- on X over Since the map Dj — > Z)j 
is an isomorphism, the action of G on is trivial. The action of G on Ej factors 
through the product map G — > \i n > and the action of \L n < on Ei is by the multiplication. 

We show that the restriction of R q jl R ^H.' on E\ is potentially additive. The canon- 
ical map Riji R), H' -> g*(R q j {R) ~H~) G is an isomorphism. Let Gi be the kernel 
of G — ► /i m /. Then since the restriction of R q jl H~ on Ej is additive, its G\- 
fixed part (R q ji R ^~li.~)\ ( ~- is also additive. Hence by Lemma [2. 1.91 the yU n /-fixed part 

Tr n * ^{R q ji Rr n~)\f i Y n ' = g^i^Vr) ^ is potentially additive. Thus the re- 

( R)f 

striction (R q j* Tt jIe'j is potentially additive. 

Since the map X' — > X is smooth, the base change map f*R q ji R ^7{ — > R q ji R ' > ''H' is 
an isomorphism. Since the map X' — > X admits a section, the restriction of R q jl rl 
on Ei is also potentially additive. 

2. Similarly as in the proof of 1, we may assume I = I + and Dj = D°j. We 
show the inclusion S q C S®. Let C Ef y be the dual support of the addi- 
tive sheaf (R q ji Rr H~) Gl . We apply Proposition EHH to the map (j {Rr H~) Gl M 
(R q j {Rr H~) Gl -> fx*(R q j (Rr H~) Gl and the pull-back to r(X, 6( R >ji R) ~H~) of the 
section e G T(X, 8^*ji R ^Tl) lifting the identity of T . Then, we obtain the inclusion 
S|~c5?~. 

Since the dual support S^' C E'j of the potentially additive sheaf R q ji R ^''H l is the 
image of Sf~ by the canonical map Ej* = Vi(^(logD) v , O x (—R)) x x 5/ -> = 
V n/ (fi^(logL>) v ® O xl ,0(-mB!)) x x > D r , we obtain the inclusion Sf C 5?'. Thus, 
we deduce Sj C Sj by pull-back. 

3. We have the inclusion S®~ C Sf^. Dj by Lemma [2.1.51 Hence the assertion 
follows as in the proof of 2. ■ 

For an integer n > such that nR has integral coefficients, we define the dual 
support 

s (n.R) c E y = Vn (r^(logD) V ,0(-ni?)) D+ 

as a constructible subset as follows. Let / be a non-empty subset of I + = {i\l < i < 
m,ri > 0}. Then, the restriction H} = j {R) H\ E ° on E° = V ni (tt x (logD), OfaR)) x x 
Dj is potentially additive by Proposition 12.3.71 Hence the dual support Su° is de- 
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fined as a constructible subset of the dual V ni (Q x (\ogD) v , 0{— rijR)) x x DJ. Since 
n is divisible by nj, the canonical map ir nni : V n/ (f2^(log D) v , 0{— njR)) x x Dj — ► 
V n (^(logL>) v , O(-nfl)) x x L>° = £^ x x L>° is defined. 

Definition 2.3.9 Let the notation be as above. We define the dual support Sp R ^ C E^ 
with respect to R as the union 

S {n-R) _ y ^(Sno). 

We say that the log ramification of ' T is non-degenerate with respect to R if the inter- 
section of dual support Sp with the 0-section of is empty. 

For n|m, we have Sj?' R ^ = Tr mn (S^' R ^). 

Corollary 2.3.10 Assume that the log ramification of T is bounded by R+. 

1. For an irreducible component Dj of D, let £j be the generic point of Di. Then, 
we have 

c |J 

iei+ 

2. Assume that the log ramification of T is non- degenerate with respect to R and 
that A is a finite extension ofQe- Then Rp*(R q J*TC\d+) and Rp\(R q j*TC\D+) are for 
every q > 0. 

Proof. 1. Clear from Proposition 12.3.81 3. 

2 . Clear from Lemma 12.1.111 ■ 
We make explicit the relation between the dual support and the refined Swan char- 
acter. Let Di be an irreducible component of D, & be the generic point of Di and K{ 
be the fraction field of the henselization 0\ , of the local ring. The residue field F\ of 
Ki is the function field of Di. Let x be a character of Gr£j Gj^. Recall that D m^f" 
denote {a £ K\v(a) > r} D {a G K\v(a) > r}. Then, by Corollary 11.3.41 the refined 
Swan character of x defines an Fj-valued point 

rsw x e ^(log) ® m^ ri) /tn^ r<)+ = V 1 (fi x (logD) v ® F i} m^JxtCg)^). 

Lemma 2.3.11 Assume the log ramification of T is bounded by R+. Let Di be an 

irreducible component of D such that > 0. We consider the stalk as a repre- 
sentation of and the direct sum decomposition = © x X e " x °f the restriction 
t0 G ^,io g h V characters of Gi\^G Kv Let ir n : V 1 (fi x (log J D) v ® F\,xrC±Jxn!g) -> 
V n (fix(log-D) v , C(— nR))^ = E^£. be the canonical map. 

Then, the generic fiber Sp'^ C E^. = V n (f2x(log.D) v , 0(— nR))^ of the dual 
support consists of the images 7r n (rsw x) of the refined Swan characters of x appearing 
in the direct sum decomposition = @ x ^® n x , 
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Proof. It is reduced to the case where is an integer, by Lemma 11.3.11 and by the 
proof of Proposition 12.3.81 1. In the case where fj is an integer, it follows from Corollary 
Q51 ■ 

Corollary 2.3.12 Assume the log ramification of T is bounded by R+. The equality 
= is equivalent to that the generic fiber S^ R ^ does not contain 0. Also the 

vanishing = is equivalent to that the generic fiber is a subset of {0}. 

Proof. By Corollary 031 the map rsw : Hom(Gr[ og G K , F p ) -> ^(log)® F m^ r) /m^ r)+ 
is injective. Hence it follows from Lemma [2.3. Ill ■ 
We study the functoriality of the dual support Sp' R \ Let Y be a smooth scheme 
over k and / : Y — > X be a morphism over k. Assume that the reduced inverse 
image Dy = (D Xx Y) TC a is a divisor with simple normal crossings and let Ry be 
the pull-back f*R. Let n > be an integer such that nR is integral and we put 
El = V n (tt x (log D) w ,0{-nR)) and E% = V n (tt Y (\ogD Y ) v , 0{-nR Y )). Then, the 
canonical map f*VL x (\ogD) — > Vt Y {\ogDy) induces a map cp : E% x x Y^E' n 



Lemma 2.3.13 Let Y be a smooth scheme over k and f : Y — > X be a morphism over 
k. Assume that the reduced inverse image Dy — (D Xx Y) Ie ^ is a divisor with simple 
normal crossings and let Ry be the pull-back f*R. Let n > be an integer such that 
nR is integral and let ip : E% x^F-* E'^ be the map defined above. 

Let T be a smooth sheaf on U — X \ D and Ty be the pull-back to V = U x x Y = 
Y \ D Y . Assume the log ramification of T is bounded by R+. Then, we have 
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Proof. Let Di, . . . , D m and D[, . . . , D' m , be the components of D and oiDy respectively. 
We put R = YliLi r iDi and Ry = YlT=i r 'jD'j- Let J be a non-empty subset of J + = 
{j\r'j > 0, j = 1, . . . , m'} and put / = {i\f~ 1 (D i ) D D'j, Ti > 0, i — 1, . . . , m}. The map 
(/ x /)( fl ) : (Y x y)(^) (X x X)W defined in the proof of Lemma [2321 induces 
E'° = Y nj (tt Y (\ogD Y ),0(njRY)) -> E° = V ni (ft x (\ogD), 0{mR)). Since the base 
change map (/ x fp R >j*l~l — > ji(fu x fu)*T~t is injective, the assertion follows. ■ 
For an irreducible component Di of D, the residue map Q x (\ogD) ®o x —> @Di 
defines a map 

res i :^x x A = V n (^(log J D) v ,0(-ni?))x x A -> V n (G A , A (-n#)) 

= V(0 A (-nJ2)). 

Corollary 2.3.14 Lei the notation be as in Lemma [2.3.131 Let Di be an irreducible 
component of D and D'a be an irreducible component of Dy such that the multiplicity 
e of D^ in the pull-back f~ 1 (D i ) is non-zero. We consider the map ~V(Ojy.(~ nR)) = 
V(0 Di (-nR)) x Di D] -> V(0 Di (-nR)) induced by f. 

1. We have e ■ f*TeSi(S^ R) ) C re Sj (Sg; Ry) ). 

2. Assume reSi(Sp ) \ Di — > Di is surjective and e is prime to p. Then, the log 
ramification of Ty along D'j is not bounded by rj . 
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Proof. 1. By the commutative diagram 

E^ n x x D' V(0™(-ni2)) 



E; v x yJ o;. — ^ v(o^(-nfl y )), 

it follows from Lemma 12.3.131 

2. By 1, TeSj(Sp v ) is not contained in the 0-section. ■ 

3 Characteristic cycle 

We recall in §3.1 the definition of the characteristic class and compute it under a certain 
assumption. We propose a definition of the characteristic class in some case and prove 
that it computes the characteristic class in §3.2. 

3.1 Characteristic class 

We recall the definition of the characteristic class. For more detail on the construction, 
we refer to [3] §§1 and 2 and [9j §§1-3. Let X be a scheme over k and T be a 
constructible sheaf of flat A-modules. We put JC X = RaX for the structural map 
a : X — > Spec k and D X T = RTCom(J-, JCx)- We consider TC = RTCom^pv^ ', Rpr^) 
on X x X. 

The canonical pairing 

T ® L R5-H = 5*pr* 2 F ® L R5 l RTCom(pr*F, Rp^F) — ► Rd'Rpr 1 ^ = T 

induces an isomorphism 

(3.1) H° X (X x X,TC) > End x (F). 

Alternatively, one can apply the canonical isomorphism [9] (3.2.1). The inverse of the 
canonical isomorphism TMD X T — > RTi-omfyr^J 7 , -Rpr^jF) = TC and the canonical map 
Rd~' — > 5* induce a map 

(3.2) H x (XxX,TC) > H Q {X y F® L D X F). 

The evaluation map T ® L D X T — > K x induces a map 

(3.3) H°(X,F '® L D X T) ► H°(X,lCx). 

We define the characteristic class C(T) G H°(X, JC X ) to be the image of 1 G End x (J 7 ) 
by the composition 

Endx(-F) H x (XxX,H) -S> H°(X, T ® L B X T) H°(X,)Cx). 
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If A is proper, we have an index formula 



(3.4) X (X- k ,J 7 ) = TrC(J 7 ) 

for the Euler number x(X~ kl F) = E^^-l) 5 dimW(X h J 7 ). 

Assume that X is smooth of dimension d and that T is a smooth sheaf of free 
A- modules of finite rank. Then, the isomorphism Endx(^ r ) — ► H X (X x X,H) (13.11) is 
described as follows. We put Ho = Hom^pi^J 7 , pr*jF). By the assumptions on X and 
on J 7 , we have a canonical isomorphism H (d)[2d] — > H = RHom^pr^ J 7 , Rpr \J-) . We 
identify 5*Ho = £nd{J-) and H°(X,S*Ho) — Endx(^ 7 )- Then, the isomorphism (13.11) 
is the inverse of the cup-product 

(3-5) End x (^) = H°(X, 5*H ) H° X (X x X, H) 

with the cycle class [X] £ H X (X x X,A(d)[2d]). Further, in this case, the evaluation 
map 5*H — > Kx is the tensor product of the trace map Tr : 5*Ho = £nd{J-) — > A with 
the isomorphism A(d)[2d] — > /Cx defined by the cycle class. Thus, in this case, we have 

C(J 7 ) = mnkJ 7 -(X,X) XxX 

in H 2d (X, A(d)) where (X, X)xxx — ( — l) dc d(^x) * s the se ^ intersection class. 

We will compute the characteristic class in some cases. First we consider the tamely 
ramified case. Let A be a smooth scheme of dimension d over k and U — X \ D be the 
complement of a divisor D with simple normal crossings. We consider the diagram 

(3.6) A x A (A x X)~ -*i — U xU 

6 S a 

A- : U 

J 

where (A x A)~ is the log product and / : (A x X)~ — > X x A is the canonical map. 
The diagonal maps for A and U are denoted by 5 and 5jj respectively and 5 is the log 
diagonal map. The map j : U x U — > (A x X)~ is the open immersion. 

Proposition 3.1.1 Let the notation be as in the diagram (13.61) above and let J 7 be a 

smooth sheaf of free A-modules of finite rank on U — X \ D. Assume that J 7 is tamely 
ramified along D. 

We put Ho = Hom(pY*,J 7 , pr*jF) on U x U and H = RHom^i*,]^ ^r^J 7 ) on 
A x A. We also put H = jMo and H = H {d)[2d] on (A x A)~. Let e £ T(A, 5*H ) 
be the unique element that maps to the identity idjr £ End^JF) = H°(U, <5^}7io) and let 
eU[A] £ H x ((XxX)~,H) be the cup product with the cycle class [A] £ H x ((XxX)~, 
A(d)[2d]). 

1. There exists a unique map f*H — ► H inducing the canonical isomorphism H = 
KHom{y£* 2 F, Rw x F) -> Hom^J 7 , pr*.F)(cf) [2d] = H {d)[2d) on U xU. 
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2. We consider the pull-back /*(idj,jr) G H^_^ X MX x X)~,TC) of the identity 
idj,? G End x (j\F) = H° x (X x X,ft). T/jen, we /jave 

(3.7) r(icV)=eU[X] 

in H^_ X , X MX x X)~,ft). Consequently, we have 

C(j,F) =vm)a T ■ {X,X) {Xxxr 

in H°(X, Kx) where (X,X)(xxx)~ — ( — l) dc d(^x(l°g-D)) ^ e self intersection class. 

Proof. 1. Let/:(IxI)'^IxIbe the log blow-up. Let ([/ x X)' C (X x X)' be 
the complement of the proper transform of D x X and we consider the open immersions 

(X x X)~ -^-> (C/ x X)' -^-> (X x X)'. 

We put W = ]vRj 2 *H on (X x X)'. The log blow-up / : (X x X)'^> X x X is an 
isomorphism on the complement U x X of £) x X. The restriction of on D x X is 
and the restriction 7i|(/xx = RHom (pr^ji JF, i?pr^jF) is canonically identified with the 
restriction Ti'\uxX = R(l x i)*Wo(^)[2d]. Hence, there exists a unique map f*H — > W 
inducing the canonical isomorphism 7i — > Ho(d)[2d] on U x U. 

2. To prove the equality /*(idj,^) = e U [X] (13. 7p . it suffices to show the equality 
/*(idj,jr) = e U [X] in Hj_ 1(x) ((X x X)',H'). By [3j Lemma 2.2.4, the adjunction 

ft — > Rf*W of the canonical map /*ft — > ft' is an isomorphism. Hence, the pull-back 
/* : H X (X x X, ft) — > Hj^^MX x X)', ft') is an isomorphism. Since the restriction 

map H X (X x X,H) = End x {j\^F) —> H^(U x £/, ft) = End l /(JF) is an isomorphism, 
the arrows in the commutative diagram 

H° x (X x X, ft) H°(U x U, ft) 




Hj_ 1{x) ((XxX)',H') 

are isomorphisms. Thus, it suffices to show the equality in Hjj(U x U,Ti). Hence the 
assertion follows from the description (13.51) of the isomorphism (13.11) in the smooth 
case. 

We consider the pull-back to H°(X, 5*H) of the equality /*(idj,jr) = e U [X] by the 
log diagonal map 5 : X — > (X x X)~. Then, since 5 = f o 5, we obtain 5*(idj,jr) = 
e U (X,X) {X xX)~ in H°(X,5*H) = H°(X, j^SnduF^d^d}). Since the evaluation map 
5*H — > /Cx is induced by the trace map j^EnduT — > A, we obtain C(j\!F) = rank F • 
(X, X)(xxx)~- ■ 
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Corollary 3.1.2 Let X be a smooth scheme of dimension d over k and U — X \ D be 

the complement of a divisor D with simple normal crossings. We keep the notation in 
the diagram (13.61) . 

Let D + C D be the union of some irreducible components and put U + — X \ D + D 
U . Let g : X — ► (X x X)~ be a morphism of schemes over k that is an isomorphism 
on (U + x U + )~ = (U + x U + ) x XxX (X x X)~ C (X x X)~ and let j^-.UxU -^Xbe 
the open immersion. Let <r : X — > X be a closed immersion satisfying 5 = g o <r. We 
assume that the cycle map 

(3.8) A{d)[2d] ► /Cx = R(p 2 o f o £) ! A 

is an isomorphism. Define the cycle class [X] e H X (K, A(d)[2d]) to be the inverse 
image of 1 by the isomorphism H X (K, A(d)[2d]) — > H x (K,K.x) = H°(X,A) induced by 
the isomorphism (13. 8p . 

Let T be a smooth sheaf on U of free A-modules of finite rank. We assume that 
T is tamely ramified along D n U + = U + \ U. We put Hq = Homi^pi^J- pr^jF) on 
U xU andH = RHomipr^jtJ 7 , Wi3\F) onXxX. We also put h\ = j^H on X. Let 
e E T (X , S^Hq) be a section such that the restriction e\u G T(U,8ijTCo) = End(/(JF) is 
the identity of T . We put E — X\ (U + x U + )~ and assume 

(3.9) H 2 E d (X,Hl(d)) = 0. 

1. There exists a unique map (f o g)*H — > = T-i\{d)\2d] inducing the canonical 
isomorphism TC = RHom^pr^J-' , -Rpr^jF) — > TCom^pT^J 7 , prj J 7 ) (d) [2<i] = Tt Q (d)[2d) on 
U xU. 

2. We consider the pull-back (/ o g)*(idj,j?) G H^ og ^ 1 ^(K,H ii ) of the identity 
idj^ G End x (j\J 7 ) = H X (X x X,H). Then, we have 

(3.10) (/o£)*(id^)=eU[X] 
in H^ og y 1 ^ x - )ljE (X, Tr). Consequently, we have 

(3.11) C(j,JF) = rank T ■ (X,X) X 

in H°(X,)C X ) where (X,X)x denotes pull-back of the cycle class [X] e ifj^(X, A(d)). 

Proof. 1. Since the image of (X x X)~ \(U x U) in X x X is a subset of D x X, we 
have (/ o g)*TL = j\TL as in the proof of Proposition 13 . 1 . 11 Hence the assertion follows. 

2. Since g~ l {U + ) = (fo g y\X)n (U+ x U + )~ is the complement of En(fog)-\X) 
in (/ o g) _1 (X), we have an exact sequence 

H° E (X,?#) > H° fogyl{x)uE (X,H*) ► B«. l(p+) ((U+xU+)~,?fl). 

By the assumption (13.91) . we have H E (1L, Tv) = 0. Hence the restriction map 
ff ( ° /o3) . 1(x)uE (X,^) -> H° g „ 1(u+) ((U + x ft") is an injection. By Proposition 

I3XT1 the equality (/ o g)*(id jlF ) = e U [X] holds in H° g „ 1{u+) ((U + x U + )~,7fl). Thus 
we obtain (/ o <?)*(id^) = e U [X] <^M) in H° fog) _ 1[x)uE (X, Tfi). 

The equality (13.111) is deduced from (13.101) as in the proof of Proposition 13.1.11 ■ 
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Theorem 3.1.3 Let X be a smooth scheme of dimension d over k and U = X \ D 
be the complement of a divisor D with simple normal crossings. Let R = £\ r^Z?, > 
be an effective divisor with rational coefficients. Let g : (X x X)^ — ► (X x X)~ and 
§(R) . x -> (X x 6e as m §2.3 and Zet j( fl ) :(/x[/^(Ix X)W 6e ine open 

immersion. 

Let J 7 be a smooth sheaf on U of free A-modules of finite rank. We put TCo = 
Tiom (prjJ 7 , pr \ J 7 ) on U x U. We assume that the log ramification of T is bounded by 
R+ and let e £ T(X, 5^*ji R) H ) be the unique section whose image by the base change 
map in T(X, j^S^Tio) = End^JF) is the identity of J 7 . We further assume that the log 
ramification of J 7 along D is non- degenerate with respect to R (cf. Definition \2.3.9\) . 

Then, we have 

(3.12) CUiF) = rank.F-(X,X) (XxX)(B) 

(3.13) = (-l) d -rank J 7 x 

(c d (n x (io g D)) + c(n^(iog£))) n (i - R)- 1 n [R])) dimd 

in H°(X, K, x ). 

Proof. We put D + = £ i:r . >0 A- We veri fy that 9 : X = ( X x X ) (R) ~* ( X x 
satisfies the assumptions in Corollary 13.1.21 By the construction, the map g : X = 

is an isomorphism on the complement of D + C X C (X x X)~. 
The log diagonal map 5 : X — > (X x X)~ is lifted to a closed immersion 6^ : X — > 
(X x X)^. The cycle map A(d)[2d] — > /C(xxx)(«) is an isomorphism by Proposition 
12221 1. 

By the definition of Z) + and by the assumption that the log ramification of J 7 is 
bounded by R+, it follows that J 7 is tamely ramified along D \ D + = U + \ U by 
Corollary [2X1 The complement (I x if) \ ([/+ x equals the inverse image 

E + of We show that 7i\^ = j^Hq satisfies the assumption 

H 2 E d + ((xxxY R \n { R \d)) = o 

(13. 9p . Let i : i</ + — > (X x X)^ be the closed immersion and p : E + — > D + be the 
projection. Since H™+((X x X)W, H { R) (d)) = H 2d (D + , Rp*Ri l j {R) H (d)), it suffices to 
show Rp*R q vji R ^l-Co = for q > 0. Since R q rj*H.o is for g = 0, 1 and is isomorphic 
to Ri^j* Ho for q > 1, it follows from Rp*R q ji R ^l-LQ = proved in Lemma [2.3.111 2. 
Thus, the assumptions in Corollary 13.1.21 are satisfied and we obtain the equality ( 13. 12ft . 

The equality ( 13 . 131) follows from the equalities ( 13.121) and ( 12.121) and the isomor- 
phism J\f x /(XxX)~ -> ^(logD). ■ 

3.2 Characteristic cycle 

Let X be a smooth scheme of dimension d over k and let D be a divisor with simple 
normal crossings. Let 

T*X(logD)=V(^(lo gj D) v ) 
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be the logarithmic cotangent bundle. We regard X as a closed subscheme of T*X(log D) 
by the 0-section. Let Di be an irreducible component of D, £j be the generic point of 
Di and Ki be the fraction field of the henselization O x ^ of the local ring. The residue 
field Fi of Ki is the function field of Di. 

Let r > be a rational number and \ : Gr[ og G^. — > F p be a non-trivial character. 

The refined Swan character rsw \ £ ^^(^s) ® m ^ r ''/ m ^ r ^ + regarded as an injection 
/m^J~ — > Q x {logD)^. <g>Fi defines a line in the Fi- vector space fl x {log D)^<S)Fi and 
hence an Fj-valued point [rsw x] '■ Spec Fi — > P(0^-(log -D) v ). We define a reduced 
closed subscheme T x C P(fi^(l°g-D) v ) to be the Zariski closure {[rsw xRSpec Fi)} of 
the image and let L x = V(C Tx (l)) be the pull-back to T x of the tautological sub line 
bundle L C T*X(log-D) x x P(fi^(log-D) v ). We have a commutative diagram 

L x > T*X{\ogD) x x Di > T*X(logD)=V(Q x (logDy) 

T x A ► X 

The natural map n x : T x — » Z), is generically finite. 

Let JF be a smooth £-adic sheaf on U = X \ D and R = Y2i r i^% be an effective 
divisor with rational coefficients rj > 0. In the rest of the paper, we assume that JF 
satisfies the following conditions: 

(R) The log ramification of T along D is bounded by R+. 

(C) For each irreducible component D{ of D, the closure Sj?'^/ of the generic fiber 

of the dual support is finite over Dj and its intersection Sp'^ n Di with the 
0-section of V n (^(logZ>) v , 0(-nR)) Di is empty. 

By Lemma \2. 3. Ill the conditions imply = for every irreducible component Di 
of D. They also imply that the log ramification of T is non-degenerate with respect 
to R by Proposition 12.3.81 3. 

Lemma 3.2.1 Assume that the log ramification of T is bounded by R+ and that T 
satisfies the conditions (R) and (C). Let Di be an irreducible component of D and x be 
a character o/Gr^ G?^ appearing in the direct sum decomposition = Yl x n xX- 

1. The scheme T x is finite over Di. 

2. We put 

( 3 - 15 ) SS X = ]p\ d .t *xA. l x[ 

in Zd(T*X(logD) x x A)q in the notation in (I3.14p . Then, we have 

ss x = (c(n x (\o g D)) n (i - R)- 1 n [T*x(i og d) x x A])) dimd - 
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Proof. 1. By Lemma 12.3. 11\ the generic fiber S^'^ of the dual support consists 
of the refined Swan characters rsw \ of the characters \ appearing in the direct sum 

decomposition = n xX- Hence, by the condition (C), the closure Sj?^ is a closed 
subscheme of \~ n (Qx(\ogD) v , 0{—nR))r) i \ Di finite over Di. Hence, the union LL^x 

is the image of Sj?'F/ by the canonical map tp : V^Qxflog D) v , 0{— nR))^. \ — > 
P(^(lo gj D) v ). 

2. Since the conormal sheaf of L x C T*X(log-D) Xj T x is the pull-back of the 
locally free sheaf Ker(£T^(log-D) v — > 0(1)) of rank d — 1, we have 

[L x ] = (-l) d - 1 c,_ 1 (Ker(^(log J D) v - 0(1))) n [T*X(lo gj D) x x T x ]. 

Hence we have 

SS X = (c(Q x (\ogD)) n c{0(-l))- 1 n [T*X(lo gj D) x x A])d imd . 



By Lemma EXHl the pull-back of 0(n) on V n (^(logL>) v , 0(-nR)) Di \ A D 

is canonically isomorphic to 0(nR). Since the union Uv^x * s the i ma g e of Sp'£ \ the 
assertion follows. ■ 
Assuming the conditions (R) and (C), we define the characteristic cycle CC(F) as 
a rational d-cycle on T*X(logD). 

Definition 3.2.2 Let T be a smooth A-sheaf on U = X \ D satisfying the conditions 
(R) and (C). For an irreducible component D L of D with T{ > 0, let = ^2 x n xX be 
the direct sum decomposition of the representation induced on Gr^G^ . We define the 
characteristic cycle by 

(3.16) CC{T) = (-l) d I rank F-[X\+ r i " Yl n * ' ^ SS ^ ) 

in Z d (T*X(\ogD)) Q . 

If dimX = 1, we put Sw T = J2 xeD Sw * F'[x]e Z (X) and let p : T*X(logL>) -> 
X be the projection. Then, we have 

GC{T) = - (rank F-[X]+ p*[Sw F\) . 

Theorem 3.2.3 Let X be a smooth scheme of dimension d over k and D be a divisor 
with simple normal crossings. Let J 7 be a smooth t-adic sheaf on U = X\D satisfying 
the conditions (R) and (C). Then we have 

C(j^) = [CC{F)\ 

in H 2d (X,A(d)) = H 2d (T*X(\ogD),A(d)). In other words, we have 

C(j i F) = (CC(F),X) T . XQosD) . 
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Proof. By the assumption (C) and by Lemma [2.3.111 the assumption in Theorem 13. 1.31 
is satisfied. Hence the left hand side is equal to 

rank T ■ (-l) d ■ (^(^(logD)) + c(^(log£>)) D (1 - R)' 1 H [i?])) dim0 ). 

By Lemma 13.2.14 the right hand side is also equal to this. ■ 
By the index formula (13. 1J) , Theorem 13.2.31 implies the following. 

Corollary 3.2.4 Further if X is proper, we have 

Xc(U- k} F) = deg(CC(T),X) T » x(l0 g D) . 
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